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Outline  

Å One- Dimensional annular stream tube theory with wake swirl 
(A. Betz 1919, H. Glauert  1926, 1935)   

Å Blade element momentum theory  

Å Optimum design conditions  

Å Examples:  

-  Optimum blade for constant efficiency  

-  Optimum blade for constant chord  

Å Recapitulation and conclusions  
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1D Annular Stream Tube Theory  

Hypotheses : 

Å Stationary flow  

Å Constant mass flow rate along stream tube (no interaction among annuli and 
no mixing at stream tube boundary)  

Å Incompressible and inviscid  flow  

Å Actuator disk (infinite number of blades)  

a = axial 
induction factor  
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1D Annular Stream Tube Theory  

Axial thrust:  

Bernoulliõs Th.: 

 

Thrust : 
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1D Annular Stream Tube Theory  

Assuming uniform  inflow across rotor disk:     

Thrust : 

 

 

 

 

 

Power:   

Betz limit  

Turbulent 
wake state  

Glauert  empirical 
relation  
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1D Annular Stream Tube Theory with 
Wake Swirl  

aõ=angular 
induction factor  

Bernoulliõs Th.: 

 

Pressure jump across rotor:  

 

Thrust : 
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Tangential force (rate of change of tangential momentum):  

 

 

Torque:  

Power:  

1D Annular Stream Tube Theory with 
Wake Swirl  

Rotor plane  
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1D Annular Stream Tube Theory with 
Wake Swirl  

Integrating over the rotor disk:  

 

 

 

where  

 

 

Power coefficient : 

Variable speed wind turbine: 
maximize for best possible C P 
given a design  ̡

Local speed 
ratio  

Tip speed 
ratio (TSR)  
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Optimum design condition : 

 

 

 

 

Solve to get                                                      

 

then set  optimality condition  

Optimal solution : 

Optimum Blade Design  

Thrust from 
axial flow  

Thrust from 
swirl flow  

Betz limit  

Glauert  Initial Hypothesis: swirl 
sustained by flow kinetic energy 
(would require specific discussion)  
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Blade section : consider velocity components from momentum theory  
 

Blade Element Momentum Theory  

Rotor plane  

Speed resultant  Inflow angle  
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Blade section : consider aerodynamic force components  
 

Blade Element Momentum Theory  

Rotor plane  

B = number 
of blades  
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Combining  the expressions from momentum theory and at the blade 
element  (dropping drag for simplicity ð but see also Wilson & 
Lissaman  1974):  
 
 
 
 
 
 
 
and, upon simplification, we have the optimal local loading : 

Blade Element Momentum Theory  

Chord solidity  


