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A One- Dimensional annular stream tube theory with wake swirl
(A. Betz 1919, H. Glauert 1926, 1935)

A Blade element momentum theory

A Optimum design conditions

irbine Aefodynamics 1"

A Examples:

- Optimum blade for constant efficiency
- Optimum blade for constant chord

A Recapitulation and conclusions
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1D Annulanr Sfream T UbesEheonn ry
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v
p
=, | Astationary flow | induction factor

AConstant mass flow rate along stream tube (no interaction among annuli and
no mixing at stream tube boundary)

Alncompressible and inviscid flow

oduction

AActuator disk (infinite number of blades)
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1D Annulan Stream T UbebEheonn ry

Axial thrust; dT =dm(V — Vp) = dA(po — p1)
Bernoullids 'pH-.l/ZpV2 = po + 1/2,0(V—v¢)2

p1+1/20(V —vi)? =p+1/2pVp
Thnustt:

dT = pV?4a(1 —a)rrdr Vp=V(1 —2a) a<1/2
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1D Annulan Stream T UbebEheonn ry

Assuming umifésmn inflow across rotor disk:

Thrustt: e

T = 2pAV2a(1 - a) T
T 4

Cr = VT = 4a(l — a) K .-

Cr.. =1fora=1/2 F ol ",""-ﬂo"a.#Betz imit

Power:

P=QQ=T(V —v) )

| L L L
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_4a(1-a)’
= =4a(l —a
1/2pAV3 wake site

Cp.=16/27~ 0.593 for a = 1/3

Cp
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1D Annulan StreamT Ube)Eheornpwithyith
Wake Swirll

w=2a'Q aangular
induction factor

Bernoul | i Q?@+T/"Qp(ﬂ7°)2:p1+1/2/0<(Q+W)T)2

Pressure jump across rotor:  Po — P1 = 2,0Q2 Cl/(l + a’)r2

Thrustt: dT = dA(po — p1) = pQ?4d’ (1 + a')mridr

% POLITECNICO di MILANO POL} Wind Research Lab "j*"?;:




110 Wind Turpine ACFotynamics, 173+

“l'lllllul“ CtiC

1D Annulan SfreamnT Ubheb Eheorpywithyith
Wake Swirll

(Q+w)r
@ (1-a)
<

Tangentiahfdreece (rate of change of tangential momentum):

ds = dm((ﬂ +w)r—Qr) =pQVdd' (1 - a)mridr

Torque: dQ = dSr = pQV4d (1 — a)rrdr
Power: dP = dQX
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1D Annulan SfreamnT Ubheb Eheorpywithyith
Wake Swirll

Integrating over the rotor disk:

A 4pAVE (A
P:/ ap = -* / a'(1—a)A}dA,
0 0
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A2
where
v =3(7) A=
o o ?/ \1 ratio (FSR)
Power caefficientit:
c L - / Y- X
= N a — a r
’ 1/20AV3 X J, — '

Variahle:speeddvind turbirtene:
maximize darbest possible!Ce Cp

“l'lllllul“ CtiC

givemandésigon A\
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OptimumyBlade Oesignyn

Optimumdesigiyconditionion: maxa' (1 — a)

Thrust from
axial flow

Thrust from th = pV2 40/(]_ - a)7T7“ dr N a/<1 - a;) o )\2
swirl flow dT _ pﬂ24a’(1 _|_ a’)7T7°3d7“ a’(l _I_ a/) R &

Solvetoget a' = l( 1+ da(l - a) — 1)

2
2 A2
. . d
then set optimality condition == (@'(1—a))=0
a
OWMbgmmmn 0.7 Betz limit \.
, | L
) ops = 5+3X; =4 /IAI+14N2+9 N Bircsoo Gopt = 1/3
o @ = 1=3a ‘ ” o . o
L opt - Ada—1 02 | Glauert Initial Hypothesis: swirl

sustained by flow kinetic energy

0,1 . i : -
(would require specific discussion)
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WVINO

A

rocduction

Blade ElementtMomentumingory ry

Blade sectiom: consider velocity components from momentum theory

Rotor plane

U:V(?—a):(l%—a’)ﬂr tan ¢ = V(l—a) _ l1—a 1
sin ¢ oS ¢ r(l+a) 14+d M\
Speed resultamtt Inflowvangle e
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Blade ElementtMomentumrhhEornyry

Blade sectiom: consider aerodynamic force components

Rotor plane

B=number
of blades

dT = 1/2pBcU?*(CL cos ¢ + Cp sin¢)dr
dQ = 1/2pBcU?*(CL sing — Cp cos ¢)rdr
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Combining
element

mamentuomtheory

optimah ldcaldoading

EC’L = 4(1 — cos¢)

27T

Chord solidity

blade



