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Scale Effects

«

) . _
o Applications:

=

. Understanding scaling effects in small-large wind turbines
=% . Scaling laws for wind tunnel models

=

s Tools:

@) . . . .
=+ Buckingam m-Theorem (dimensional analysis)
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Dimensional Analysis: Buckingham Tr-
Theorem

Buckingham tt-Theorem:

Given the governing equation for a physical system defined by n
physical variables, which are expressible in terms of

k independent fundamental quantities, one can construct an
equivalent equation involving a set of m = n - k dimensionless
variables constructed from the original variables

Modeling and AfralySTs

The dimensionless parameters provide relations which define the
scaling laws
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Dimensional Analysis: Buckingham Tr-
Theorem

Consider the generic model:

f(pl, ceesy Py A1y oeey ak) =0

\. J \\ J
Y Y

Physical Fundamental
parameters quantities

The /~th physical parameter can be expressed in terms of &
independent fundamental quantities:

_ . di; dii
pz—al '...'ak

di1,...,d;r; = dimensions of p; wrt fundamental quantities

The Dimensional Matrix D € R* x R™ contains as elements d,; the
r-th dimension of the /~th parameter
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Dimensional Analysis: Buckingham Tr-
Theorem

Equivalent non-dimensional model:
O(m1y. ey Tm) =0, m=n—Fk
j—th non-dimensional parameter:
m1 i Moy i
Ty = P1 Yoelopn ™
The exponents are the components of matrix M € R™ x R™
found from the solution of the following system of equations:

D M=0 ie: M =nulD)
Remarks:

- Set of m=n-k parameters is not unique

- Selection of proper/representative non-dimensional parameters

needs to be guided by physical considerations based on the model
under consideration
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Similarity

Consider two systems:
[P = Physical system (full scale)
M = Model (reduced scale)

with governing equations:

f(p].P) o o e 7pnIP,CL]_IP>, . o e 7a’kP) — O

f(piy - -« 5 P, Q1M - - - s Q1) = 0

and equivalent non-dimensional relations obtained through
Buckingham tr-theorem:

¢(7T1P7 R 77TmIP) =0
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Similarity

P is similar to M if:

Tip = TM, for j =1,..,m

which provides a set of scaling relations:

mlj

. Ly ng TG ) ]
Pip” " Pup” =P - PaM

Generic scaling relation for a model parameter:

. (Pm@)m—lj (pnp)mlj
PiM = P1p| —— el —
Pom PnM
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Similarity and Scaling

Typically, scaling is based on the assignment of a scaling parameter:

ZM —> Characteristic length of the model
n=—
lp —> Characteristic length of full scale system

Accordingly, the general scaling relation can be expressed as:

aq

piM = pipn®*2 - ... - n%n piy = pipn™?

The scaling process reduces to a linear transformation of parameters:

pM =S pp

Scaling matrix: & = diag(n®!,...,n%")
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Wind Turbine Dimensional Analysis

Example: 6 state - 4 input
individual-pitch model, with

S

% stiffness modeled using
TE equivalent springs

<

= States:

r‘i - Flap angles (91, (927 93
g’ - Rotor azimuth @D

TD - Shaft torsion €

'8 - Fore-aft angle (x

(and their rates)

<))

< Inputs:

-8 - Pitch angles ﬁcl ) ﬂCQ ) /803

IE - Electrical torque Telc % Ka
- A

=

=

Readily generalized to more complex models

IE§- PoLITECNICO di MILANO POLI-Wind Research Lab <5 -



Wind Turbine Dimensional Analysis

Derive equations of motion, apply Buckingham Tr-theorem using as
fundamental quantities

Mass, Length, Time

Non-dimensional equations of motion:
o(x, &, &, u,7) =0

States: @ = (¥, 0;,¢,a)t
- Telc

~ T

Non-dimensional parameters

T
Wa W, w€>

Q7w wy

T = (Ma, Re, Fr,Lo, A\, T
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Wind Turbine Dimensional Analysis

Non-dimensional parameters of physical relevance resulting from
dimensional analysis:

- Mach: Ma = V/a, Effect typically negligible for WTs

. Reynolds: Re — ,OVC/V Inertial/viscous aerodynamic force ratio
- Froude: Fr = V2/gR Aerodynamic/gravitation force ratio

- Lock: Lo = CLapCR4/J9 Aerodynamic/inertial force ratio

. TSR: A=QR/V

- Non-dim. time: T =0t

- Non-dim. tower freq.: Wo = WwWa/Q, wao =+vVKa/Ja
. Flapping freq. placement: Wy, /wa, we, = v/ K,/ Je,
- Shaft freq. placement: We/Way, we=/K/Je

N
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Size Effects on Wind Turbines

S

;3 Consider two wind turbines M and [P with scale ratio
g n = Rm/RP
"= operating in the same wind
S _
) Vi =Vp
= at the same TSR
AM = Ap

©
o
=
W
=
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=
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Size Effects on Wind Turbines

Quantity Symbol Scaling coefficient Comment

Rotor speed QM/QIF’ n—1
Reynolds Reyp / Rep n
Fry /Frp Tl gy e oy
Lock LOM/LOIP nO Assuming same density
Non-dim. freq. &Eam/&jap nO fnsggmlzr;g(*s)ame Young
Freq. placements (WHi /Wa)M/(WOi /Wa)IP’ 0

(We/Wa)m/(wWe /wa )p "
Power PM/PIP’ n2
Torque QM/QIF’ n3
Bending stress O'M/O'IP nO Size indep. stress level
Shaft shear stress TM/TIP O Size indep. stress level

- Aeroelastic effects unchanged (Lock and frequencies), except for possible influence of Froude (only
large wind turbines)
- Stress level unchanged (except for gravity induced loads)

(*) Using a more realistic beam-like natural frequency W = \/EJ/ (mL4)
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Scaling Laws for Wind Turbine Models

General scaling procedure:

- Given scale factor n = Ry /Rp

- Find velocity ny =Vu/VWp and time n; =ty/tp scalings
Enforce:
- Time:

™ — TP (Qt)M = (Qt)p no = QM/QIP’ = 1/nt

- Tip-speed-ratio:
AM = Ap (QR/V)m = (QR/V )p ny =non =n/n;

- Lock:

Low =Lop  (Cr.peR*/Jo)u = (Cr.peR*/Jo)e

Remark: Lock can always be fixed with material density

%\5;1;,&‘ >~y
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Scaling Laws for Wind Turbine Models

Enforce (continued):
- Frequency placement:
GaM = Wap  (EJ/(mL*QY))Mm = (BEJ/(mL*QY))p

(EJ)w/(EJ)p = n®/n;

Remark: frequency placement can always be fixed with stiffness

Resulting errors:

- Reynolds Rey/Rep = n? /ny
- Froude FI‘M/FI'P — n/nf
- Mach May/Map = n/n?

Important remark: only unknown left is time scaling n;
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Scaling Laws for Wind Turbine Models

Optimal scaling: minimize Reynolds error (reduce airfoil aerodynamic
differences) + scaled time acceleration (reduce active control frequency)

min (kZReM/Rep + tM/tP) = min (k2n2/nt + nt)

which gives mismatched Mach scaling ny = 1/k

Quantity Symbol Scaling coefficient Comment
Rotor speed QM/QP 1/(nk)
Reynolds ReM/ReP n/k
Fryg /Fr 1/(nk?) g et oy
Lock LOM/LOP 'n,o Implies same density
Non-dim. freq. &QM / (:Dap nO Lrgffuzzsbf:t?gng
Power PM/PIP n2/k3
Torque QM/QIF’ 7?,3/]{2
Material density pmM/me nO Enforces Lock constraint
Bending stiffness (EJ)M/(EJ)P n4/k2 Enforces freq. constr.
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Scaling Laws for Wind Turbine Models

Example: scaling a large wind turbine ( Rp =~ 30 m) to fit in a 4mx4m
test section (R~ 1 m):

n ~ 1/30 k=2

Quantity Symbol Scaling - Aeroelastic effects unchanged
coefficient (Lock and frequencies), except
for possible influence of Froude
Rot d 15
ororspee QM/QP (only large wind turbines)
Reynolds 1/60 - Moderate Reynolds mismatch,
ReM/ReP can be partially mitigated with

Froude FI,M/FI,IED 75 er:\:liigclson strips or similar
- Higher required control

Lock LOM/LOIF’ 1 frequencies than on full scale

. . system, but manageable with
Non-dim. freq. WaM/waIP’ 1 sufficient computing power
Power PM/PIP 1/57600
Torque QM/QIF’ 1/432e3
Material density ,OmM/,OmIP 1
Bending stiffness (EJ)M/(EJ)IP 1/1296e4
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Testing of Scaling Laws

Approach:

- Choose comparison metrics (e.g., fatigue damage index in turbulent
winds, load peak values for gust response, etc.)

- Simulate response of scaled and full-scale models

- Compare responses upon back-scaling of scaled results using metrics

> Aeroelastic
‘ Model ‘1,
Input
Parameters

Performance

Aeroelastic Inverse ‘

aling Laws
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Testing of Scaling Laws

Example: performance comparison of two control laws on full scale and
Mach-mismatched-scaled model

Rotor Speed XA0° Tower Root Local Moment
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Turbulent 16 m/s wind
Re full scale 5.25e+6
Re scaled 4.6e+5

Tower Root Local Moment [Nm]
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“Goodness” of one controller wrt the
other is practically the same when

tested on full scale and scaled model » =

Hence: E

Scaled model is appropriate for NI SN
. . : : : —S—unscale |

conducting control law comparisons & o e |

Wind [mis]
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