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Abstract p. Free control parameters

We_ de;cribe a novel ad_aptive non-linear model predictivﬁroﬂer p,, Free model parameters
which is based on the idea of neural-augmentation of referef

ements, both at the level of the reduced model and at the tével ¢ pgsition vector

the control action. The new methodology is primarily matidiby

the desire to consistently incorporate existing legacy efind and s Force resultant

control techniques into an adaptive non-linear, yet rigagtcapable,

control framework. u Control inputs

At the level of the model, a reference model is augmentedgusin
an adaptive neural element. Kalman filtering is used fortiien Vv Linear velocity vector
ing on-line the free parameters of the neural network, withdoal
of maximizing the prediction fidelity of the model with respgo X States
the plant. At the level of the control strategy, a referermetgon is
augmented using a second adaptive neural element. The atiggne
control network is trained on-line for correcting the refiece control
action and promoting it to the solution of the underlying Himear
model predictive problem.

The resulting neural-augmented control strategy is noeali, yet
it is real-time capable in the sense that it requires a fixedbar Angular velocity vector
of operations at each step. Furthermore, it substanti@ge® the
adaption process, since the neural elements must only inedréo ¢ Time
capture the defects of the reference legacy elements, whgchall if
such reference elements are adequate. to Initial time

The proposed procedures are demonstrated in a virtualoenvir
ment with the help of the classical model problem of the deubl@ Scalar
inverted-pendulum, and with the more challenging reflexigatrol
of an autonomous helicopter.
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1 Introduction and Motivation able control method, which is the LQR in this paper but could
be any controller that works well for the problem at hand and
Model predictive control is based on the on-line solution ofuarantees a minimum level of acceptable performance €Thes
an optimal control problem, which seeks to minimize som@pproximate control actions are n@augmentedy a second
appropriate cost function [Findeisen et al., 2003]. Thédfgm  adaptive element, which is trained on-line to approximaee t
is formulated in terms of a reduced model of the plant, whichdefect” between the reference and the NMP solutions. The
allows one to predict the future response of the system ona@laptive element can be chosen as any suitable parametric
given time horizon. The computed control actions are thefunction, as for example a neural network in the case of the
used to steer the plant on a short time window. At the next timgresent paper. Previous work in this class of controlledeis
step, the open-loop optimal control problem is solved again scribed in [Wan and Bogdanov, 2001].
a prediction window shifted forward in time (receding horiz A major motivation behind RAPC is the observation that,
control). in all control application fields, there is a wealth of knodge

If the reduced model is linear, the cost is quadratic and thgnd legacy methodologies which are known to perform reason-
prediction horizon of infinite length, one has the well knowrably well for a given problem. In the design of new advanced
linear-quadratic-regulator (LQR) problem. Optimal stade  control techniques and in the search for better performande
output-feedback gains can be pre-computed by numericaliyproved capabilities, it is clearly undesirable and wiste
solving off-line suitable non-linear matrix problems [#@s neglect valuable available prior knowledge. RAPC allows on
and Lewis, 2003, Moerder and Calise, 1985]. When the prolgy exploit available legacy methods, embedding them in a non
lem is non-linear (non-linear model predictive (NMP) catlty  linear model predictive control framework. For example, in
the solution can not in general be pre-computed and has ti§e field of rotorcraft flight mechanics, there is vast exgece
be obtained on-line by numerical means on a finite horizopn the modeling of the vehicle using combined blade element
(see [Grimm et al., 2005] and references therein for stabifheory and inflow modeling techniques [Prouty, 1990, Johnso
ity results in this case). Although there are efficient metho 1994]. Yet, given the complexity of rotorcraft aeromechan-
to solve this class of optimal control problems [Betts, 2001 cs and the necessity to limit the numerical cost of flight me-
these are typically not yet fast enough for real-time aplic chanics models, there will always be physical processestwhi
tions. Even more importantly, such algorithms are iteeakly ~ are not captured or not resolved well by the available models
nature, and hence it is difficult if not impossible to guaegnt The reduced model augmentation of RAPC provides a way to
the satisfaction of a hard real-time schedule, since thebeum improve an existing flight mechanics model, by trying to ap-
of operations required for computing the solution at eaep st proximate the effects of unmodeled or unresolved physics on
is not known a priori. flight mechanics. Similarly, there is a wealth of experience

It is clear that the applicability of non-linear model predi in the design of flight control systems using a variety of lin-
tive controllers to a variety of control problems of indisltr ear control techniques [Stevens and Lewis, 2003]. For fighl
interest is crucially dependent on: non-linear systems such as helicopters, the control augmen

1. The ability to develop good non-linear reduced models &on of RAPC provides a consistent way to design a non-linear

the plant, i.e. on the ability of the reduced model to per(_:ontroller building on linear ones which are known to previd
form faithful predictions of the plant response; noticet tha® minimum level of performance about certain linearized op-
' rating conditions.

faithfulness of the model to the plant is the key propert)? L
for proving non-linear stability of NMP control [Find- A Part from the motivations above, the proposed approach
eisen et al., 2003], the finite horizon length issue beinBaS the following highlights:

a lesser concern [Grimm et al., 2005]. e It is adaptive at the level of the model and at the level

of the control laws. The two are coupled, but they can
be trained independently on-line, which eases this pro-
cess; this is in contrast with other approaches, such as
for example adaptive critic methods [Ferrari and Sten-
gel, 2004], where the adaptive elements are intimately
coupled and must be trained simultaneously. Through
the proposed procedure, we are able to separate the con-
trol and model identification problems using two differ-
ent sets of adaptive elements to accomplish the two dif-
ferent tasks. Different training strategies can be used, as
well as different update frequencies. For example, in this
work the model network parameters are identified using
a Kalman filter, while the control network parameters are
identified using a steepest descent approach.

2. The ability to solve on-line the resulting open-loop op-
timal control problem in real-time, i.e. fast enough and
with a fixed number of operations.

In this paper we propose an approach which tries to address
both of these concerns through the concepawdmentation
of referencesolutions, both at the level of the reduced model
and at the level of the control actions. For this reason, the
proposed approach is here termed Reference-Augmented Pre-
dictive Control (RAPC).

For the reduced model, the idea is as follows. A problem-
dependenteference approximate modef the plant is aug-
mented with an adaptive element, a neural network in the
present case, which is trained on-line to capture the “défec
between the solution of the approximate reference model and

the real response of the plant [Bottasso et al., 2006]. °
For the control actions, the procedure is as follows. At each
time step, aeference control solutios provided by a suit-

Both controller and reduced model are fully non-linear,
yet the numerical implementation of the adaptive con-
troller requires the exact same number of operations at



each time step. This means that one can guarantee itheced model# is used for predicting the future behavior of
satisfaction of a hard real-time schedule (clearly, assunghe plant in terms of its statex € R" under the action of the
ing that sufficient computing resources are available). control inputsu € R™. An open-loop optimal control problem

« Since the procedure is based on reference solutions'SaS°|Ved for the reduced model on a finite horizon (the predic

minimum level of performance is guaranteed even at thg" window to, o + Tp]). The cost of this optimization prob-

beginning of the process and before any adaption h emisin general a function of the outpyts& R' and controls
taken place. Since reasonable predictions and reasori-

able control actions are generated by the reference el s

. .. Goal response x*(t)
ments, there is no need for pre-training of the networks, Past <, Future Predicted response ()
major hurdle in other network-based or adaptive contrc | izt
approaches [Ferrari and Stengel, 2004]. In fact, all ex
amples presented in this paper were successfully solve State tracking error
without any pre-training, by simply starting from small —~— 7
random numbers for the unknown parameters oftheada | s X
wve elemente e Goal control w*(t)
tive elements. / Computed coptrol wu(t)

Control tracking error
_/

o If the reference solutions are in the neighborhood of th

Prediction error
Plant response Z(t)

true ones, the defect that the networks are in charge « Steering window o + T,

approximating is small, and this substantially eases th to Prediction window to+T,
identification process. This is in contrast with other ap-

proaches which delegate to the networks the approxima- Fig. 1: Model predictive control

tion of the whole solution [Narendra and Parthasarathy,

1990]. The controls computed by the optimizer are now used for

steering the plant, but only on a short time horizon up to time
- . S . to+ Ts, as soon as a new measurement becomes available. In
demic |.nterest, but of little appllcab!llty in real life, e fact, due to the presence of disturbances and the inevitaible

?S o ﬂ'ghi control stygtemg, _for Whl'Ch (Inne} musI;t be abl?hatch between reduced model and plant, the actual response
0 guarantee a certain minimum level of pertormancy v, o systenx(t) will drift away from the predicted ong(t).

throughout the operating envelope of the controlled SYBnce the plant has reached the end of the steering window

tem. Although we do not address this problem in th ; ;
. . ,to+ Ts] under the action of the computed control inputs, the
present paper, we believe that RAPC gives a way to a&? 04Ty b P

q this | b itoring th tude of the d nodel predictive optimization problem is solved again koo
ress this i1ssue. by monitoring the magnitude ot the ‘?ﬁg ahead in the future over the prediction horizon shiftad f

]“ect”s which are identified or-line, i.e. by vgrifying hOWward in time. This procedure results in a feedback, receding
far” we are going from the reference solutions, we hy’Porizon approach

pothes_lze that appropriate strategies can be_ designed % he future control actions are computed by solving the fol-
detecting anomalous behaviors of the adaptive process'gﬁling open-loop optimal control problem:
and for system diagnostics. '

e Adaptivity of controllers is often seen as a topic of aca

to+Tp
The paper is organized as follows. Section 2 formulates the {}"xlg J= /t L(y,u)dt, (1a)
problem of non-linear model predictive control, and intiods T
the relevant notation. Next, Section 3 describes the adapti stif(xxu)=0, teto,to+Tp, (1b)
reduced model identification procedure based on the augmen- X(to) = Xo, (1c)
tation of a reference reduced model with the equation defect y=h(x), telto,to+Ty (1d)

Section 4 describes the augmentation of a reference control

strategy, so as to approximate the solution of the undeglyin The tracking cost is noted, whose integrand.(-,-) : R' x
non-linear model predictive control problem in a way whichR" — Rxo is defined here as

is adaptive and real-time capable. The key contribution of — (y_v\T _ _u\T _u

this section is the analysis of the functional dependentieeof LYW = =y QYY)+ (M) R, @)
minimizing optimal control on the problem data, which formgvherey” andu* are desired goal outputs and goal controls, re-
the basis for the proposed approximation. Finally, Seclion SPectively, whileQ > 0 andR > 0 are symmetric design matri-
presents results and applications of the new controllere Ti¢€s of coefficients which weight the output and control track
methodology is first tested on the classical double invertedNd errors. The plant non-linear reduced model is expressed
pendulum model problem, and then it is demonstrated for tf (1b), wheref (-,-,-) : R" x R" x R™ — R", while (1c) pro-

reflexive control of a high performance autonomous rotdtcra Vides the initial conditions at the beginning of the preidict
window. Finally, (1d) defines the system outpytswhere

h() ‘RS R
Itis often useful to add to problem (1) inequality consttgjn
which can in general be expressed in the form

2 Non-Linear Model Predictive Control

The basic principle of non-linear model predictive confisol
illustrated in Fig. 1. At the current timi, a non-linear re- g(x,y,u) <O0. 3



For example, in flight mechanics applications, such coimgra However, it is always possible to write

can be used for enforcing the respect on the part of the com- L _

puted solution of the vehicle flight envelope boundaries:-Co fre(X, X, u) = d(X,u), 9)

straints can be included in the proposed formulation, hewev N T e .

they are not considered here to limit the scope and Iengﬁeoft}’\’hered(" ') :RTx R™— R" is termed thenodel equation de-
t

- . : : function In other wor h fect is that unknown func-
paper and they will be the subject of a dedicated forthcommgjcr: vbjhiiiloaugr%ter?tingotr?es’r ; f:rgﬁcee‘:;l:r;eagtuensﬁre shll;af

work. plant response satisfies the reduced model equationsbhthere
generating a perfect matching between the states of the re-
3 Reference-Augmented Reduced Model duced model and the corresponding states of the plant, when
Identification the two are subjected to the same inputs starting from the sam

initial conditions. If we knew functiord, we could write the
The tracking performance of the controller (1) and, ultiehgt reduced model of problem (1) as
its non-linear stability, critically hinge on the fidelityf the
reduced model to the plant [Findeisen et al., 2003]. More pre f(%,% u) = fe(X,X,U) —d(x,u) =0, (10)
cisely, consider both the plaM and its reduced model”

as expressed by (1b) to be subjected to the same given infi‘unfj the predicti_on of the system statewould_ exactly match_
signalu:t i u(t) for t € [to,to+ Ty], Starting from the same _the corr_espondlng values of the plant. Notice that one might
initial conditionsxo at timeto. The ensuing response of theinclude in the defect also the dependence on the derivatives

plant can be written as the states up to some suitgble order_, for example for maglelin
delays or other effects not included in the reference model.

X(t) = @,(Xot), (4) Although d_ is unknt_)wn, under assumptions of suffluent_

smoothness it is possible to construct an approximation of i

Wherea (,) : R" x R=o — R" is the plant state flow, a non- using a parametric functiodp, approximation which can be
u\» ) = 1

linear time dependent function which, for a given contrekin  Witten as
signalu, maps the initial conditionx, into the state response d(x, u) = dp(X, U, Pry) + Em, (11)
X(t); similarly, the response of the reduced model willbe  where p,,, € RP" are free model parameters to be identified
in order to minimize the approximation erreg,, and where
X(t) = @, (Xo,t), 5)  dp(,-,) : R"x RMx RPm — RN,
In this work we use as parametric function a single-hidden-

o n o .
@u(,) : R" xR»p — R" being the corresponding re‘jucedlayerneural network wity, neurons, which has the following
model state flow. Ideally, plant and reduced model should pro

. unctional form

duce the same response, i.e.

_ do(x,u, p,) =Wl a(\V i b, 12
X(t) =X(t), VtE [toto+Ty. 6) p( U Pry) = W0 (Vi &)+, (12)

. . o » whereim = (X",u")T € R™™ is the network input vector,

When this condition holds for generic initial conditioxgsand Wi € R™*" andVm € RMM*M are matrices of synaptic
control input signalss within the operational envelope of the weights an € R™ andby, € R" are the network biaseg(e) =
plant, we say that the reduced model has perfect prediction .y . T is the vector-valued function of sigmoid activa-

capabilities. _ o _ tion functionso(-) : R — R. The model parameters are defined
Unfortunately, in all cases of practical interest the fiorwal  5¢ the network weights and biases, i.e.

form of a reduced model (1b) with perfect prediction capabil

itie; is unknown. To address this issue, consider first angive Pr=0(... M- Viny - 7%7.”,bm,m)T, (13)

suitable reduced model, developed on the knowledge of the

physical processes governing the response of the planh Sweith p,, € RP", pym = np(2n+m+ 1) +n. The universal ap-

model is termed here@ference reduced modehd it can be proximation property of neural networks [Hornik et al., 298

written in general as ensures that the functional reconstruction eggiin (11) can
be bounded alen|| < C, for anyCe > 0, for some appropri-

frer(X,%,u) =0, (7)  ately large number of hidden neurong assuming thad is

sufficiently smooth.

wheref (-, -, -) 1 RTx R x R™ — R". When integrated with  jith these choices, the reduced model of (1b) can be written
initial conditionsXy under the action of a given input signal g

u, this reduced model produces a respaxi$e+# X(t), which
differs from the actual one due to the modeling errors of (7)  f (X, X, u, p) = fes(X, X, u) — dp(X, U, p,) = 0. (14)
with respect to the real plant dynamics. _ _

Another way of looking at this problem is to say that theComputing the free parametepg, of this reduced model can
actual plant responsét) associated witlu(t) andxo does not  be interpreted as a non-linear time-domamrameter esti-

satisfy the reduced model equations, or, in symbols mationproblem, for which several techniques have been de-
) scribed in the literature [Jategaonkar, 2006]. In this wwek
fer(X,X,u) #0. (8) use adirectrecursive approach based an the use of an edtende



Kalman filter. Space limitations prevent a detailed treatime in terms of the state functiax(t) for a generic input sig-

of the approach. Here it will suffice to say that the direct  naluand initial conditiong, especially since we are not
method is applicable to unstable systems operating in dfose making any specific assumptions on the functional form
loop, as in the present case. Furthermore, the recursiveenat of (18a). However, by inspection of the equations, we can

of Kalman filtering is well suited for the on-line computatio at least write symbolically

of the free parameters under real-time constraints. Tharmyn

ics equations for the model parameters are simply X(t) = @y (%o,t), (19)
Prm = Wpn, (15) for t € [to,to + Tp], Which asserts that the state function

depends, for a given input functiant), on the initial
wherewpn is the white process noise, and the “measurement” ~ conditions and time through the operaigy(-, -) of (5).

equation is 2. Equation (18c) are the adjoint equations in the co-states

A, with final conditions given by (18d). Here again, it is
not possible in general to solve this final value problem
wherew, is the white measurement noise. Further details N closed form in terms of the co-states, but by inspec-
on recursive parameter estimation by filtering can be found tion of the equations and considering (2), we can write
in [Jategaonkar, 2006]. symbolically

zZ= fref(ia iv LI) - dp(ia u, pm) =+ Wmn, (16)

A(t> = ex,u(y*(t%t)v (20)

i.e. the co-state function depends, for given inp(t} and
statex(t) functions, on the goal output function and time
through a co-state flow functioBy(-,-) : R' x Rsq —
R".

4 Reference-Augmented Predictive Control

4.1 Functional Form of the Optimal
Control Solution

In this section we develop an analysis of problem (1), in or-
der to determine the functional dependence of the minirgizin
optimal control signal. This will then be used later on for de
veloping suitable approximations.

The optimal control problem (1) can be transformed into a
boundary value problem in the temporal dom@gnto + Tp). u(t) = @, (U (1),1) 1)
To this end, first eliminate the outputs from (1a) using (1d), xA Y
and consider the constraints (1b) written in the parametric j.e. the control function depends, for given stafe) and

3. Finally, (18e) are the transversality conditions, wtieh
be solved in terms of the control function. Similarly to
the previous cases, by inspection of the equation we can
write symbolically

form (14). Next, augment the cabbf (1a) with the constraints co-stateA (t) functions, on the goal input function and
through a set of Lagrange multipliekse R" (co-states). This time through some operatgf, , (-,-) : R™ x R>g — R™.
gives ’ -

Inserting now (19) and (20) into (21), we can write the opti-

N to+Tp mal control functioru(t) which solves problem (18e) as

J= | (Lye0.w+ATf (XU py))dt,  (17)

i u(t) = X (Xo.y" (1),u"(1),1), (22)
whereJ is the augmented cost. Finally, the stationarity of the o " .
augmented cost is enforced, which yields the followingeyst Wherex(:,--,-) : R" x R x R™ x R0 — R™is an unknown

of coupled ordinary differential equations with their bolany ~"ON-linear time dependent operator. This shows that, given
conditions: reduced model and optimization cost, the optimal contral is

sole function of the initial conditions, of the goal outpuida
f(%,X,U,Ppn) =0, tecloto+Ty, (18a) goal control functions, and of time.

X(tg) = Xo, (18b) . .
d(fTA) 4.2 Systems with Symmetries: the Case of
- d: +f3A+yxly=0, teftoto+Tpl, (18¢) Flight Mechanics
A(to+Tp) =0, (18d) The expression given in (22) for the minimizing optimal con-

Lut fTuA =0, teftoto+Ty. (18e) trol which sol\{es problem _(1) can b(.a.detailled fgrther for-sys
' tems possessing symmetries. Specifically, in this papemwe a
alyze the case where modet represents a flying vehicle (see
The system can be partitioned into three main sets of equ® €xample [Frazzoli, 2001] for a treatment in the conteixt o
tions: Lie group theory).
First, consider an inertial frame of reference denoted by a
1. Equation (18a) represents the reduced model dynamidéorth-East-Down (NED) triad of unit vectois = (ey, €y, €3),
with initial conditions provided by (18b). This initial and a body-attached local frame of reference denoted baah tri
value problem can notin general be solved in closed formf unit vectors# = (by,by,bs) with origin at the center of



gravity of the vehicle. In the following, the notatign de- Therefore, we partition the state vectointo invariant and

notes the components of a vector or tensor ingh&iad. non-invariant states,
Consider the following form of the vehicle equations of mo-

tion (1b):

m(v” + w” x v¥) = mgef
+Sler(V7 (1), @7 (1), u(T), (1)),
I 0” + w” x (I w”)
= Mg oV (1), 0”(1),u(1), (1)), (23b)
¥ =aev”, (23c)

x=(x,x\)", (26)

where the invariant states axe= (v*',w”?',6,¢)T and the
non-invariant ones anmgy = (Lp,r%’T)T. Clearly, the optimal
control function of (22) can only depend on the initial vadue
of the invariant states, while it can not depend on the initia
values of the non-invariant ones, for the invariance prioger
of the underlying mechanical systew to be preserved.
o Lfl(e)w%’ (23d) A s_imilar argument applies to the goal ogtpyt&which ap-
’ pear in (22). Suppose for example to define the system out-
wherev” = (u,v,w)T and @” = (p,q,r)T are the body- puts asy = (V,V,V,, p,q,Q,€".r# )T, whereV = ||v|| is the
attached components of the linear and angular velocity veeehicle speedy; is the climb speed, an@ is the turn rate.
tors, respectivelym being the mass andl the inertia dyadic. Suppose now to specify a goal functigi(t). This means that
The inertial components of the position vector are nated one is trying to track both invariant quantitieg*(t), v*(t),
ande= (¢,0, )" are the Euler angles in the 3-2-1 sequence/; (t), p*(t), g*(t), Q*(t), 8*(t), *(t)) and non-invariant ones
The vehicle attitude is described in terms of the direction ¢ (*(t), r*#(t)). However, given the invariance of the system
sine matrixa (e), parameterized in terms of the Euler angleswith respect to translations of the origin and rotationswibo
andL(e) is the matrix which relates the body components othe vertical, it is clear that the optimal control which sed\(1)
the angular velocity to the time rates of the Euler angles.  can not depend on the non-invariant goal quantiie&) and
The body-attached components of the aerody*#(t), butonly on their invariant counterpags (t) — i and
namic/propulsive forceSsero@nd momentmyeroappearing on r*%’(t) — rb@. Therefore, here again we partition the output
the right hand side of (23a,23b) depend on the body-attacheectory into invariant and non-invariant outputs, i.e.
components of the linear and angular velocity vectors, on
the control inputau and on a number of physical parameters

T ! \T
y=( Y1) -
1. The dependence on these quantities is through a retarded . . . .
time 7, 0< T < t, which accounts for the memory effects In conclusion, the minimizing optimal control functiat)

of aerodynamic processes. This is typically approximateffiich solves problem (1) when mode# is a vehicle, can be

(23a)

(27)

with a Taylor expansion arrested at the first order which ha¥itten as

the effect of turning the delay differential equations (&8p
ordinary differential equations.

It is readily verified [Bottasso et al., 2008] that (23) is tina
fected by translations in the-e, plane and by rotations about

es. Strictly speaking, translations aloeg imply a change of
air properties, and hence of the parametgralthough this

change is slow and can be neglected for small changes of
titude. Hence, the dynamics of the vehicle are invarian wit

respect to translations and to rotations about the locécedr

This means that, given an input signabnd given initial
conditions on the linear and angular velocities, roll artdipi
angles

v (to) = v¢', (24a)
w” (ty) = wg, (24b)
o(to) = ®, (24¢)
6(to) = 6o, (244d)

Z

the system will generate the same respowéét), w”(t),
@(t), B(t), and @(t) — o, r?(t) —rg, irrespectivelyof the
initial conditions on heading and position

Y(to) = Yo, (25a)
r“(to) =rg, (25b)

i.e. for anyyo andrg’. In other wordsy”(t), @”(t), ¢(t),

B(t), Y(t) — o, r?(t) —rg are invariant quantities, while

Y(t) andr?(t) (orr¢(t)) are not.

u(t) = Xs(Xio i (1), Y (t) — Yo, U7 (1), 1), (28)

linear time dependent operator. This functional form asser
that, given a reduced model and optimization cost, the opti-
n?_al control is a sole function of the initial conditions okth
fivariant states, of the goal invariant outputs, of the gmad-

invariant outputs shifted in the origin, of the goal congrahd
of time.

4.3 Parametric Approximation of the
Optimal Control Solution

The functional form of the optimal control given in (22)
(or (28) for flight mechanics problems) can be used for devel-
oping approximations to problem (1). However, in the spifit
the approach described in the introduction, we do not approx
imate (22) directly, but we first transform it into a referenc
augmented form.

To this end, consider a reference (known) control action
Uref(t),t € [to,to + Tp], as computed by using some suitable
available controller (for example, an LQR controller, ashia
presentwork). If we assume that the reference control fonct
depends, for a given state functi#t), on the goal outputs,
goal controls and time, i.e.

Urer(t) = ¢, (Y (1), u"(1),1), (29)



using (19) to eliminate the dependencexgt), we find 1.

Wrer(t) = ¥(Xo,Y" (1), U" (). 1),

wherey(-,,-,-) : R" x Rl x R™x R>o — R™, which shows

(30)

that the reference control depends at the most on the same

guantities as the optimal control (22). Hence, using (30), i
is always possible to write the optimal contugt) of (22) as

U(t) = Urer(t) + U (Xo, Y (1), U (1), 1).

The termu(-,-,-,-) : R"x R x RMx R>q — R™ represents
the control function defect.e. that unknown function which,
augmenting the reference solution, promotes it to the ismlut
of the optimal control problem (1).

Clearly, v is unknown in general, or otherwise we would
know the solution of the optimal control problem in closed
form. However, it is possible to construct an approximatién
itin terms of a parametric functionp:

U(any*(UaU*(t)at) = up(any*(UaU*(t)atv pc) +£Ca (32)

wherep, € R are free control parameters to be identified on-
line in order to minimize the functional reconstructionsg .,

ing (32) into (31), we can write the parameterized unknown
control function as

U(t) R’Juref(t)+Up(Xan*(t)vu*(t)atvpc)' (33)

4.4 On-line ldentification of the Control
Parameters

Notice that in the infinite dimensional optimization prob-
lem (1), the unknowns are represented by the stéte co-
stateA (t) and control(t) functions, which must be computed
S0 as to satisfy (18) and hence minimize the dodtlowever,

once the control function is put into the reference-augednt 5

form (31) and the parametric approximation (32) is intraetiic
the resulting controls (33) cease to be independent vasabl
and become themselves functions of other quantities, and in
particular of the states (through the reference contrad) @n

the free control parameters. Considering this fact and snpo
ing once again the stationarity of the augmented cost (1fh) wi
respect to all free variables, one obtains a new set of cduplﬁq

(31) 2.

State prediction Integrate the current estimate of the re-
duced model equations (34a) forward in time over the
prediction window starting at the actual initial condi-
tion (34b). The initial value problem is solved under the
action of the control inputs based on the augmented con-
trol function (33) evaluated in correspondence of the lat-
est available estimate of the control paramefgts

Co-state prediction Using the augmented control func-
tion and the states computed at the previous step, inte-
grate the adjoint equations (34c) backward in time start-
ing from the final conditions (34d).

3. Control parameter updateThe states and co-states com-

puted at the two previous steps satisfy by construction all
equations of the governing boundary value problem (34),
except for the transversality condition

Jp. =0, (35)

i.e. (34e). Once this remaining condition is satisfied by
all unknowns, the parameterized control becomes opti-
mal, since the state and co-state equations and the bound-
ary conditions are already satisfied. In order to seek the
eventual enforcement of the transversality condition, the
current estimate of the control parameters is corrected us-
ing the steepest descent rule:

P = pc*ncipcv (36)

wheren: > 0 is the step length. Based on this new es-

timate, the control action is updated using (33). Clearly,

notice that by using (36), the control parameters are mod-
ified only as long as (35) is not satisfied.

. Plant steering Feed the computed controls to the plant,

steering it on the windowtg, to + TgJ.

. Model parameter updateEveryN steps,N > 1, update

the model parameter estimate using the procedure of Sec-
tion 3.

6. Update initial time a$p = to + Ts, update initial condi-

tions, and repeat from 1.

For regulation problems, the procedure above is based on
e assumption that the time (i.e. the number of steps and

ordinary differential equations, which write in this case

f(x,x,u,py,) =0, telto,to+Tpl, (34a)
X(to) = Xo, (34b)
d(flaA)
- d: + (f,x"‘ u;lzef,xf,u)TA +YI<|—,y

Uiyl u=0, teftoto+Tpl, (34c)
Alto+ Tp) =0, (34d)

otTe o T
/t v, (Lu+fhA)dt=0. (34e)

0

hence of steepest descent corrections (36)) required ar twd
correctly identify the control parameteps which satisfy the
transversality condition (35), is small compared with thare
acteristic to-be-controlled time scales of the plant. lotsa
case in fact, the control becomes optimal (all governingaequ
tions (34) are satisfied) well before the system has been reg-
ulated. A similar reasoning applies to tracking problems as
well. We have observed that this condition is easily verified
in practise, and the identification time of the optimal cohis
typically quite small, as shown in the results section below

. o e . N I-N k B Impl i
Equations (34) can be used for the on-line identification o? 3 eural-Networ ased Implementation

the unknown parametens,, through the following iterative In this work, the parametric approximation of the contraidu

process:

tion defect is based on a single-hidden-layer neural nétwor



To simplify the training of the control network, we reduce it of the cartdy and the angles}; and 9, of the two bars
input space in two ways. First, we drop the dependence of thth respect to the vertical direction, so that (8',87)T,
parametric function on the time history of the goal quaesiti 9 — (3¢, 9,,9,)T, n= 6. The system has one single control
by simply retaining their initial value at tintg: (m= 1) represented by the horizontal foraseapplied to the

. y cart, and the outputs coincide with the statesn,y = x. The

Up(Xo,Y" (1), U (1),t, Pc) = Up(Xo,¥" (o), U™ (t0).t, Pe)- (37)  two uniform bars have lengthy = 0.5m andL, = 0.75m and
Notice that, even in the presence of the above approximﬁl""SSNIl = 0.5kg andM; = 0.75 kg, vx{h|le the cart has mass
Mo = 1.5kg. The bars are initially aligned and both form an

tion, the effect of time varying goal outputs is still felt by - ) :
the controller during the co-state prediction phase (equindle of 25 deg with the vertical. The problem is to regulate

tions (34c,34d)), while time varying goal inputs are feltidg '€ SyStem to the origin (the vertical unstable egumbr)lluyn
the solution of (34c). minimizing the cost (2), wherg* = (0,0,0,0,0,0)", u* =0,
Second, the dependence of the control defect on time is reR-= diad20.700,700,5,50,50) andR = 1.
dered using shape functions which interpolate temporaahod
values. This can be done in several different ways. In this 9
work we have found it useful to partition the prediction time 2
window as
to<ti<...<tm—_1=to+Tp, (38)

wherety, k= (0,M — 1), are the temporal nodes; uniform of
non-uniform distributions of the nodes can be used, dependi
on the application. The control function defect is theniipte
lated using, for example, linear shape functions betweeh ea
couple of consecutive nodes; at the given timaithin the
prediction window, the control defect is interpolated as

Up(X,Y (to), U (to), T, P)
~ (1— &) Up, (Xo,¥" (to), U (to), Pc)

L Eup,,, (XY (o). U"(to). Pe).  (39) ‘ ‘

wherevp, (+,+,-,+)  R" x Rl x R™ x RPe — RM is the control
defect nodal value function at tintg the node indek is such
thatty < T <tg1, andé = (T —t)/(tks1 — ), 0< & < 1.
Clearly, shape functions other than linear can be usedéo-int Fig. 2: Double inverted-pendulum on a cart
polate the nodal values.
Finally, each nodal value of the time-discrete parametric
control function defect is associated with one of the owgputs.1.1 Choice of the Prediction Window and

of a multi-output neural network, whose form can be written Identification of Control Parameters
o.=W!o(V]i.+ac)+be, (40) In the first set of tests, we do not perform any model adaptiv-
ity, and we identify on-line the sole control parameterse Th
whereo. = (U}, U),,..., U}, )T € R™ are the network reference controller is of the LQR type, obtained by linzafi

outputs,ic = (xg7x*T (to), u’ (to))T c R2"M agre the network tion qf the (_aquati(_)ns of motion about t.he vertical positibhe
inputs, whileW, € RM*mM v/ ¢ RE@HM XM g RM and steering window is set tds = 0.02 sec; the state and co-state

b € R™ are the network weights and biases which represe {edictions are performed by discretizing (34a) and (34t) w
the free control parameters, i.e the 4-th order explicit Runge-Kutta scheme, with a time step

At = 0.02 sec. The control network hag = 3 neurons and
Pe= (... We -, Vojsooes8s- - D, T, (41) M =5 outputs (temporal nodes of the control function defect),
uniformly distributed on the prediction window.
with p, € RP, pc = nh(2n +m(M+1) + 1) +mM. In order to select the length of the prediction wind@yywe
define the total regulation error as

5 Results and Applicati '
esults and Applications E:/ Lat, (42)
0

5.1 Double Inverted-Pendulum Model

Problem whereT is the time necessary in order to regulate the system

andL is given in (2). Figure 3 shows the normalized total reg-
We consider the classical problem of the stabilization afad ulation errorE /E_gr Vs. the length of the prediction window
ble inverted-pendulum on a cart, as shown in Fig. 2. Th&,, whereE qr is the error obtained with the sole LQR ref-
system has three degrees of freedom, the horizontal positierence controller. The figure shows that RAPC recovers the



regulation error of the LQR controller if the prediction win 5.1.2 Effect of Model Adaption

dow is slightly longer than 4.0 sec, after which further im-

provements in the regulation error are only marginal. Base@ order to demonstrate the effects of model adaption, i thi
on these results, in the following examples we always usedsgcond set of tests we introduce a mismatch between plant
valueT, = 3.5 sec, which is a good compromise between conand reduced model. More precisely, the plant now includes

putational efficiency and performance.

E/EL

0.8 I I I I

Tp [sec]

two springs which apply destabilizing torques to the twasbar
these torques are not present in the reduced model. The first
torqueQ, = K(11/2—91) is applied between the first bar and
the cart, whileQ, = K(rr+ 31 — 9») is applied between the
second and the first bars. Goal of the example is to show
whether this mismatch between plant and reduced model can
be compensated by the proposed model identification proce-
dure.

The numerical experiments were conducted as follows. The
stiffnessK of the springs was progressively increased starting
from O up toKmax = 0.05Nm/rad, thus producing increasing
errors between reduced model and plant; notice that these er
rors affect both the equilibrium condition and the dynamée b
havior of the system. For each valuekofthe new plant equi-
librium X was numerically evaluated by solving the system of
equationsf(i,i, ) =0, settingk = 0 andu = 0.

At first, we computed the optimal gains of a LQR controller
based on the linearization of the plant about the new equi-

Fig. 3: Double inverted-pendulumon a cart. Total normalizedibrium point, including the effects of the springs. Thissfir
regulation erroiE /E, gr Vs. length of the prediction | QR controller, labelled LQRin the following, was used

window Tp

for providing a benchmark result in the absence of modeling
errors.

Next, we assess the ability of the proposed procedure toNext, the optimal gains of a second LQR controller were
produce optimal controls which solve problem (1). Figure ¢omputed linearizing the reduced model, which is completel
shows with a solid line the time history of the 2-norm of thQJnaware of the presence of the SpringS, about the vertici po

violation of the transversality condition (35). Recall tilae
satisfaction of the transversality condition implies ttreg so-
lution is optimal, in the sense that it satisfies all coupled-g

erning differential equations (34) originating from (1).hd at every given value of the spring stiffness, we initializbd
same plot reports also the time history of the angeof the  model and control parameters to small random values. All the
second bar using a dashed line. The plot shows that the c@kperiments were performed with the same parameters as in
troller quickly achieves optimality, well before the systés  the first set of tests, except for the goal output which in this
regulated, as it appears clearly by comparing the chaistiter case is the true equilibrium point of the playit= Xo, which

times of the two curves. differs from the vertical because of the presence of thagpri

o The results are summarized in Fig. 5, which shows the to-
tal regulation error as a function of the stiffneksof the
o two springs. The solid line represents the regulation esfor

tion x = 0. This second LQR was used as the reference control
element of RAPC with reduced model adaption, using- 3
neurons for the model defect network. For each experiment

100

N
19, |

Time [sec]

RAPC, while the dashed line reports the regulation error of
LQReyact Apparently, the proposed controller is not only able
to compensate the model mismatch generated by the springs,
but it also achieves a significant performance improvement

with respect to the benchmark provided by the exact LQR im-
plementation.

For the cas& = Knax Fig. 6 shows the improved prediction
capabilities achieved with reduced model identificatiote T
top part of the figure reports th angular velocity, while the
bottom part shows th&, angular rate. The solid lines show the
time histories obtained by integrating the plant equatioms
each steering window under the effects of the L.QRcontrol

Fig. 4: Double inverted-pendulum on a cart. Time history ofaction. The dashed lines show the results obtained by the int
the 2-norm of the violation of the transversality condi-gration on each steering window of the sole reference model,
tion (35) (solid line), and time history of the angle ofagain with the same control input signal and starting froen th

the second bar (dashed line)

same initial conditions. Finally, the dash-dotted lineseghe
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Fig. 5: Double inverted-pendulum on a cart. Total regula-
tion errorE vs. spring stiffnes&. RAPC: solid line; 0
LQRexact dashed line

-10

results obtained by integration of the reduced model (esfes
plus neural defect correction), again from the same initial-
ditions and with the same control inputs. It appears thaethe
is an excellent correspondence between plant and augmentec 0
model shortly after a fast transient. The improvement wéth r k
spect to the use of the sole reference model is clearly appare
showing the effect of the model augmentation to improve the -
prediction performance. Time [sec]
Figure 7 shows the adaption process through yet another

point of view, reporting with a solid line the norm of the méde Fig_ 6: Double inverted-pendulum on a cart. Time history of

-30

dszldt [deg/sec]

-40

—60

reconstruction errofl&n|| of (11) as a function of time. The the angular rate®; (top) andd, (bottom), fork =
same figure _alSO plOtS with a dashed line the time historyGDf th 0.05. Plant: solid |ine; reference model: dashed |ine;
angular rated, for the second bar. By examining the figure, augmented model: dash-dotted line

one can appreciate that the neural element is able to igientif
the defect quickly (i.e. in a time which is small when comphre

to the plant response time scale), in turn improving theipred ¢olective anddy,, is the collective of the tail rotor. The main
tion fidelity of the reduced model. The rapidity of the adapti  anq tail rotor forces and moments are computed by combining
is certainly also due to the reasonably good performance gEyator disk and blade element theory, considering a imifo
the reference model, which makes the defect a relativell Smgsfiow [Prouty, 1990]. The rotor attitude is evaluated by mea
quantity; this makes the adaption a faster and easier task. ¢ quasi-steady flapping dynamics with a linear aerodynamic
damping correction. Look-up tables are used for the quasi-
steady aerodynamic coefficients of the vehicle lifting acefs
(horizontal and vertical tails), and the model considargéé
corrections to account for compressibility effects andtfor

In this section we consider the application of RAPC to the rédownwash angle at the tail due to the main rotor. The model
flexive control of an autonomous rotorcraft vehicle. The nulcludes process and measurement noise models and delays,

merical experiments are conducted in a high fidelity virtuaf"d the vehicle states are reconstructed on-line using an ex

environment, which allows to more precisely quantify the pe tended Kalman filter.

formance of the controller. Application in flight to a smaies The vehicle is piloted along an aggressive flight routine,

rotorcraft UAV is underway, and the results will be discussewhere the vehicle starts in straight and leveled flight at 3§ m

in a forthcoming paper. decelerates to 20 m/s, and then performs a 30 m climb, a 90 deg
The plant is a vehicle model which represents a mediuniight turn, a30 m descent, and finally an acceleration to 30 m/

size multi-engine four-bladed articulated-rotor utiliheli- ~ the flight sequence is represented in Fig. 8.

copter, validated with respect to flight data in a previous re The goal outputs and goal controls of the flight routine are

search effort. The mathematical model of the helicopter isomputed using the planning procedures of [Bottasso et al.,

as given in§4.2. The helicopter controls are defineduass  2008]; using this approach, the vehicle is either in a trinmor

(A1,B1, By, Bors) T, M= 4, whereA,, By are the lateral and a maneuver condition, the latter being defined as a finite-tim

longitudinal cyclics, respectively, whil,, is the main rotor transition between two trims [Frazzoli, 2001]. The time-his

5.2 Reflexive Control of an Unmanned
Rotorcraft

10
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5.2.1 Tuning of the Controller
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Fig. 8: Flight routine for the autonomous helicopter problem

tory of the vehicle states and associated control inputsgalo

&n\ﬁhereT is the total duration of the flight routine, ang =

each maneuver are computed by solving maneuver opti
control problems for the non-linear reduced model of the
hicle, using a direct transcription approach, while in tdon-
ditions vehicle states and control inputs are computedrsplv
non-linear trim problems (cfr. [Bottasso et al., 2008] f&-d
tails).

The reference control element is based on an outp

feedback LQR, using only invariant outputs (equation (27))m

At all trim conditions of the flight routine, the optimal LQR

control gains are pre-computed off-line using the procedu

vehicle equations of motion at that trim condition. The ap

feedback LQR reference control law is computed at 50 Hz as,

Uret = U™ — K(Y, —Y), (43)

where the goal quantities are obtained by first finding the-clo

est point on the to-be-tracked trajectory, and then intetjpag

Fig. 9: Autonomous helicopter problem. Normalized tracking
errorE/E gra—o VS. length of the prediction window
Tp

Several simulations were conducted in order to optimize the
choice of the various algorithmic parameters. Detailedltes
are not reported here for the sake of brevity, but for the rhode
adaption process the experiments lead to the choiog ef3
neurons for the model network and an activation frequency
of model adaptioN = 10 Hz (step 5 in the iterative process
of §4.4). For the control process, the choice fell on four single
output control networks (one for each control) with= 3 neu-
rons each, a steering window of 0.02 sec and a time step for the
integration of the state and co-state equatifins 0.02 sec.

The choice of the prediction window sidg was based on
the tracking cost, which is defined as

-
E= Ldt, (44)

To

% sec is used to exclude the initial transient. Figure 9 rspor
the tracking error as a function of the length of the preditti
window Tp. The tracking error for RAPC is normalized with
respect to the tracking error obtained with the sole use®f th
reference LQR controller. The figure shows that with a pre-
lHﬁction window of 2 sec, RAPC already improves the perfor-
ance of the reference controller, reaching a minimum atoun
Tp ~ 5+ 6 sec. The best performance corresponds to an im-
r|orovement in the tracking cost of more than 70% with respect
hto the output-feedback LQR. Based on these results, the pre-
diction window was selected & = 3 sec for the following

xamples.

5.2.2 Performance Assessment in the Presence of
Modeling Errors

outputs and controls as computed by the planning procedumdsxt, we verify here again in the context of this more complex
at that point. When the goal point is along a maneuver, thexample the ability of the proposed procedures to improge th
optimal output-feedback gain mati& is computed using the reference control in the presence of modeling errors. T® thi
linearized vehicle model in the arrival trim. end, we consider the complex flight routine tracking problem

11



introduced above. The problem is now parameterized by usifigs a beneficial effects, as expected, and results in a furthe
a factora. For each value oft, the reduced model as well asreduction of the tracking error with respect to the LQR case.
the goal outputs and goal controls remain the same, whereas
the plant is affected by errors parameterizeditfior the air
density and the vehicle mass. More precisely, if the reduced
model uses an air densipy, the plant uses a densip/(1 —

a), and if the reduced model has a total vehicle nfdsshe 8
plant uses a mas$é(1+ o). Hence, the factor measures the
mismatch between reduced model and plant.
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0s Fig. 11: Autonomous helicopter problem. Time history of the
linear body-frame velocity componewmt, for a =
0.2. Plant: solid line; reference model: dashed line;

augmented model: dash-dotted line

0.4
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In analogy with what done for the pendulum problem, in
. . , Fig. 11 we report the improved prediction capabilities af th
Fig. 10: Autonomous helicopter problem. Normalized tracky gmented adaptive model. In particular the figure shows the
ing errorE /E or vs. model mismatch paramet@r  jinear hody frame velocity component obtained in the case
RAPC with model adaption: solid line; RAPC with- o _ g 2 when different models are integrated in time with the
out model adaption: dashed line same initial condition and the same control inputs. Theediff
o , ence between the augmented model (dash-dotted line) and the
_Similarly to the case of the double-inverted pendulum, thgsterence model alone (dashed line) is significant, the éorm
simulations were conducted as follows. The mismatch faCt%rapturing well the plant dynamics soon after a very short-tra

a was progressively increased starting from= 0. Ateach gjen; gimilar results are obtained for the other vehiciéest
value ofa, the optimal gains of the output-feedback LQR wergy i+ are not reported here for the sake of brevity.
computed based on linearizations of the reduced modelrin co

respondence of the current valueafand hence affected by 15
modeling errors. This controller was first used alone and the
as the reference control element of RAPC.

The results of these simulations are reported in Fig. 10,
which gives the normalized tracking errayE_gr as a func-
tion of the model mismatch parametegr The solution ob-
tained by RAPC without model adaption is shown using a
dashed line, while the results for RAPC with model adaption "f“#'" g

o A !iﬁ'n

! i
; l‘!, .?l_.i‘l }!s I"ﬂ’

are plotted using a solid line. w}, ’ fﬁl’q\%ﬂ?rﬂf F\%\“%ﬁ !
J # ‘ i
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This figure indicates several interesting facts. First bfial ; \ﬁﬁ
the absence of modeling errors & 0), the use of non-linear ﬁ
model predictive control allows for a reduction of the trisgk N
error in excess of 70% with respect to the LQR case. Although i
this remarkable improvement decreases with increasing val . i ‘ ‘ ‘ ‘
ues ofa, it remains substantial for an ample margin of the ’ ® “ fimeec] ° o
model mismatch parameter. Furthermore, even without model

adaption, RAPC with the sole on-line identification of th@€o Fig. 12: Autonomous helicopter problem. Time history of

e

trol parameters is able to outperform the LQR controlleraip t goal turn rate and corresponding quantity for the
o ~ 0.15. Therefore, the control-adaptive features of RAPC tracking helicopter, for a model mismatch parameter
seem to allow for a partial mitigation of modeling errors, in a = 0.1. Goal: solid line; LQR: dashed line; RAPC
the sense that the controller seems to be able to cope with the with model adaption: dash-dotted line

limitations of its reduced model by correspondingly adagpti
the control law. Finally, the introduction of model adaptio  To show the local behavior of the controllers, for the case

12



a = 0.1, Fig. 12 reports the time history of the goal turn ratdully optimized as explained above, has a hard time comgcti
and the corresponding quantity obtained by the tracking hefor the model error; on the other hand, RAPC improves the
copter; the LQR case is shown with a dashed line, while thHeQR tracking performance in excess of 50%.

RAPC case with model adaption is plotted with a dash-dotted

line. These results show here again the improved tracking ca %
pabilities of RAPC as compared to the LQR. sl

40+

5.2.3 Trajectory Tracking Performance Assessment

35

The LQR controller based on (43) is subject to drift and head- a0
ing errors, since it only tracks invariant quantities. Toreot
this behavior, we use a slower outer loop operating at 5 Hz,
based on a simple proportional-integral (PI) controllenjak
reacts to positions errors (i.e. distance between curnedt a 151
projected positions along the goal trajectory) and heading ol e
rors [Bottasso et al., 2008]. The gains of the compensaéor ar e ' o
computed off-line using an optimization technique. Specifi °
cally, the tracking error of the non-invariant quantitisx<on- o 5 - - o e o
sidered to be a sole function of the control gains of the com- Time [sec]

pensator. This error is minimized by using a gradient-based

optimization technique coupled with a response surface.  Fig. 14: Autonomous helicopter problem. Norm of the dis-
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Notice that the RAPC controller does not need a drift and tance from the goal trajectory, for a model mismatch
heading compensator, since it can track both invariant and parametera = 0.15. LQR and Pl compensator:
non-invariant outputs. Position and heading tracking s- si dashed line; RAPC with model adaption: dash-dotted
ply achieved by turning on the tracking cost function wegght line

of (2) acting on the corresponding outputs.

6 Conclusions

We have described a novel adaptive non-linear model predic-
tive control approach, based on the idea of augmenting-refer
ence elements with parametric functions both at the level of
the reduced model and at the level of the control action.

The reduced model identification takes a reference reduced
model and approximates its defect, i.e. it reconstructisitha
known function which, when put on the right hand side of the
reference model, is satisfied by the measured plant statés. T
L approach amounts to a black-box identification of the plsysic

e 0 10 0 which are not captured or not well resolved by the reference
o 20 %y model. An alternative but somewhat related approach would

be to insert black-box approximators in specific parts of the
Fig. 13: Autonomous helicopter problem. Goal trajectory andeference model, where the true physics are known not to be
corresponding quantity for the tracking helicopterwell represented. Both approaches can be seen as ways to
for a model mismatch parameter= 0.15. Goal: boost the accuracy of existing legacy analytical modelgsso
solid line; LQR and Pl compensator: circle markerto improve the predictive fidelity of the reduced model to the
RAPC with model adaption: square marker plant.
The control function identification takes a reference aaintr

In this section we compare the trajectory tracking perforaction and promotes it to the solution of the underlying op-
mance of RAPC and of the compensator-enhanced LQR cadiimal control problem. Key to this approach is an analysis
troller. Figure 13 reports the tracking performance in theec  of the governing equations which indicates the functioreal d
of model error witha = 0.15, showing the goal, LQR and pendence of the unknown control function on the current and
RAPC trajectories. Furthermore, Fig. 14 gives a more quanlesired states. Once the dependence of the unknown control
titative view, by plotting the norm of the distandefrom the  function has been identified, it is possible to constructan a
goal trajectoryd = r — r*. From the figures it appears that, proximation of it using a parametric function. Here agais t
since the model mismatch acts on mass and density, its effegiproach can be seen as a way to boost existing control solu-
is predominantly manifest on the altitude tracking. Therfigu tions.
also show that the LQR controller, although augmented with The numerical experiments demonstrated the basic features
a drift and heading compensator whose gains were very cad-the proposed procedures, both for a classical model prob-
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lem and for the control of an autonomous high performance model predictive control: An overviewEuropean Journal
rotorcraft. The tests, although limited for now to the sale v of Control 9:190-206.

tual environment, show a very pronounced improvement of

the reference solutions when modeling errors are presant. [Frazzoli, 2001] Frazzoli, E. (2001)Robust Hybrid Control

all cases, the identification of the reduced model and of the for Autonomous Vehicle Motion PlanninghD thesis, De-
control parameters was fast compared to the charactemstic ~ partment of Aeronautics and Astronautics, Massachusetts
be-controlled time scales of the plant, which is crucialtfoz Institute of Technology, Cambridge, MA, USA.
effectiveness of the procedures. . ) ]

We believe that much of the robustness and good perfd@rimm etal., 2005] Grimm, G., Messina, M., Tuna, S., and
mance that we have found is due to the very basic idea of the Tell, A. (2005). Model predictive control: For want of a lo-
proposed control framework, i.e. on the availability oferef €@l control Lyapunov function, all is not lostEEE Trans-
ence elements. These in fact ensure reasonable performanc@ctions on Automatic Contrp50:546-558. .
of the controller even during the initial transient, befatenti- ~ [Hornik etal., 1989] Hornik, K., Stinchombe, M., and White,
fication of the parameters has taken place, easing and sigeedi H. (198_9). Multi-layer feed-forward networks are univérsa
up the identification process itself. We remark in fact tHat a ~ @PProximatorsNeural Networks2:359-366.
problems studied here were solved without any pre-trainin
a major hurdle in other adaptive network-based approach
Furthermore, we were always able to use extremely simple
network structures with small numbers of neurons, which lim
its the number of free parameters and in turn reduces the com-
plexity of their |d_ent|f|cat|on. . LE.]ohnson, 1994] Johnson, W. (1994)Helicopter Theory

The software is cu_rrently being ported on—boa_rd a s_mall au- yover Publications, New York, NY, USA.
tonomous rotorcraft in the lab of the authors, which wilball

%ategaonkar, 2006] Jategaonkar, R. (2006Flight Vehi-
‘cle System ldentification: A Time Domain Methodology
AIAA, Progess in Astronautics and Aeronautics, Vol. 216,
Reston, VA, USA.
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(1985). Convergence of a numerical algorithm for calcu-
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