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Abstract. In this paper we consider the problem of estimating the iakproperties of small-
size aerial vehicles. The proposed procedure consistssirsfilbjecting the vehicle to a pendular
motion; next, time histories of attitude and angular vetp@re obtained by using an inertial
measurement unit attached to the vehicle; finally, estimatehe inertia tensor components
are obtained by using maximume-likelihood constrainedroation in the time domain. The
experimental equipment is extremely simple to realize dhalocost.

An important highlight of the proposed approach is that thertial properties of the vehicle
are estimated using specific experimental observationshwdan be conducted in the labora-
tory prior to performing flight testing. Hence, flight triat&n focus of the sole estimation of the
aerodynamic parameters, easing the problem and improviagjtiality of the estimates.

The procedure is first tested in a simulated environment rtiffcaally creating virtual time
histories so as to verify the observability of all parametérhen, the procedure is validated by
using an object of known inertial characteristics. Finallige document is concluded with the
application of the proposed methodology to a small rotoftcvahicle.
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1 INTRODUCTION

Mathematical models of aerial vehicles are crucial for énglihe myriad simulation needs
that support the vehicle design and operation, includirgsynthesis of model-based control
laws. To ensure the best possible fidelity of each given mmdéle plant, suitable methods are
formulated for extracting best (in a statistical sense)reges of the model parameters from
experimental observations. Parameter estimation prabk notoriously difficult to solve,
since the problem is often ill posed, presents multiple llecdutions, is affected by scarce
observability of some parameters, and is corrupted by nmmeasant and possibly process noise.

In most cases, including for example the rotary wing clasgetiicles, the highest level of
uncertainty is in the aerodynamic components of the modatwdescribe complex non-linear
physical processes which profoundly determine the velhedponse characteristics. Unfortu-
nately, the inertial parameters of the vehicle also haveomgteffect on its dynamics, and must
be known precisely. Being difficult to measure with accuyracyess one can weight all vehicle
components and has precise knowledge of their location3R,the vehicle inertial quanti-
ties are often estimatadgetherwith the aerodynamic parameters from flight test data, which
complicates the estimation problem by increasing the numbenknowns.

To address these issues, in this paper we present a methestifoating the inertial proper-
ties of small aerial vehicles using specific experimentabobations which may be conducted in
the laboratoryprior to performing flight testing. This way, the parameter estiomeperformed
from flight test data can be limited to the sole estimatiorhefaerodynamic parameters, easing
the problem and in turn improving the quality of the estinsate

Several methods for the estimation of the inertial charesties of rigid bodies have been
presented in the literature.

In some of the proposed methods the object is constraineataterabout one axis and, by
measuring the frequency of oscillation about the pivot akis value of the moment of inertia
around that axis is determined by solving a least-squamsstifccation problem([3, 12]. By
changing the orientation of the rotation axis with respecthe object, one can measure the
various components of the inertia tensor, although thisireq a special hardware and multiple
experiments.

Other approaches use special measurement robots whictcstig object to desired mo-
tions [7,/11]. Although these approaches can identify allnawn inertia parameters in a rigid
body, the measurement robots are typically rather compid>eapensive machines.

Yet other methods have been proposed which use frequenmynss functions and/or modal
analysis to identify the inertia parameters, often togethth the stiffness and damping charac-
teristics of the mount elements [1/ 5, 6]. The simplest andtreffective arrangements are based
on suspending the object by means of one or more cables aridgngwing freely [4/ 8| 10].
The recorded time histories of angular velocity, accelenasand attitude of the object are then
numerically processed so as to estimate the elements afiehtgai tensor.

In this paper we present a method based on pendular motiohs.olfject is suspended
by using a spherical mount. Next, the response during a feeelydar motion is measured
by a high-accuracy inertial measurement unit (IMU) fixed e bbject. Finally, estimates
of the inertial parameters are obtained together with egémof the aerodynamic coefficients
experienced by the object in its pendular motions and ofribedn coefficients at the mounting
pivot. Since the estimation of these unknowns is a non-tipagameter estimation problem in
the presence of measurement noise, we use the time-domgpot@iror Method (OEM) [9],
which amounts to a constrained optimization problem of aimam-likelihood cost function.
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The approach deals rigorously with the presence of measntemoise, can use simultaneously
time histories from multiple experiments for improving tipgality of the estimates, and allows
one to enforce constraints on the unknown parameters, fampbe for ensuring physically
meaningful results at convergence. Furthermore, the expatal hardware is extremely simple
and of low cost, the only significant item being the IMU.

At first, we describe the experimental set-up and we formaula¢ proposed approach. Next,
we present simulated experiments performed in order taliesprocedure and verify the ob-
servability of the unknown parameters. Then, we descrifts monducted for the validation of
the procedure using an object of known inertial charadtesisFinally, we describe an applica-
tion of the presented method to a small-size rotorcraft unmed aerial vehicle (UAV).

2 INERTIA ESTIMATION PROCEDURE
2.1 Experimental Set-Up

The estimation of the components of the inertia tensor ofjid thody can be performed by
subjecting the object to a pendular motion. Figure 1 showsfas small rotorcraft UAV: a
supporting structure is made of a steel plate with a flared hothe middle and of four steel
rods; the supporting structure is suspended to a emispiieh is in turn connected to a
supporting frame. If the emisphere is properly lubricated,connection works as a spherical
joint with small friction. In the present implementatiohjg arrangement allows for roll and
pitch oscillations of up to 35 deg of amplitude, and for 36§ gawing rotations.
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Figure 1: At left: small rotorcraft UAV with steel rods and M suspended at a pivot point. At right: detail of the
pivot.

The compound system, composed by the helicopter and thedumgpstructure, has a known
mass and center of gravity position and can be modeled aglgpegdulum.

2.2 Equations of Motion

By suddenly cutting a suspension string holding the veldtlest at a given initial attitude,
the system starts oscillating and its motion can be desthigedEuler second law:

Jow+w x Jow =mp, (1)

wherew is the body angular velocity andk is the moment of all external forces about the
pivot pointO. Jo is the inertia tensor of the vehicle and of the support simechbout the same

3
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pivot point
JO = JOvehicIe + JOstruct’ (2)
where, by the parallel axis theorem, we have
Jownce = Ja +m ((r66T0c) I = (roc To6)), 3)

J¢ being the inertia tensor about the vehicle center of gravitgndr, the distance vector
from pointO to pointG.

The experimental arrangement of Fig. 1 can be modeled asfarmnbody hinged at an
arbitrary point, as sketched in FIg. 2. The inertial Earedi reference framé of unit vectors
(e1, ez, e3) is centered at the pivot poird?, whereas the body-attached reference frafnef
unit vectors(by, b, bs3) is centered afs.

e

el ¢
Yy
b

Figure 2: Sketch of the body model with reference frames.

The equations of motion of the rigid body write:
JEP + WP x J5 WP =mB, (4a)
w® = S(q)q, (4b)

where the notationf-)? indicates components of a vector or tensor in frafye indicates a

set of rotation parameters whik is the parameterization dependent matrix which enables to
express the body attached components of the angular welocterms of the time rates of
change of the rotation parameters; furthermore, the comsrof the inertia tensor are noted

I:m: Ixy Izz
Jg = I:vy [yy Iyz : (5)
Ixz Iyz [zz

The moment of the external forces, includes weight, aerodynamic forces and friction at the
pivot point, and writes

mo = Tog X W + Moy + MO,er0 (6)
wherew = mges is the weight vector. The sliding friction moment at the pigomodeled as

. w
MOy = — dlag(ﬂkn Kok /'Lk2> M7 (7)
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with two different friction coefficients,, andyuy,, the former for rotations about tite andb,
body axes and the latter for rotations abégt which reflect the physical arrangement of the
spherical joint used for the pivot suspension (seelFig. ight)

The aerodynamic momemi, , at the pivot point is due to the aerodynamic force (drag)
and associated moment about the aerodynamic céhtand can be written as

0 X 2 ®)

1
= —pV?2S Cnl—C — ,
MOery = 5P ( d||"“oc||)||roc|| X 5

wherep is the air densitypc is the velocity vector at point’ andV = ||v¢|| its speed,S

a reference surface,a reference length(,, andC; the body moment and drag coefficients,
respectively. Since the two aerodynamic coefficients aadidtation of the aerodynamic center
can not be identified simultaneously from the pendular erpants, a single unknown aerody-
namic parameter is defined as

Paero = S(lCm - Od”"“OCH); 9)

consequently, assuming that the aerodynamic center ie thahe center of gravity, the speed
V of C'in Eq. (8) is approximated with the speed of the center ofigra¥, whose location is
known.

The set of non-linear state-space EQE. (4) for the parazmatidel M (p) of the experimental
set-up can be written in the following compact form:

.f(',tawap) =0, (10)

where the state vector is8 = (w?",¢”)7, and the vector of unknown model parameters is
p = ([xxa [:vya [3327 [yya [y27 [zzapaerO; ,ukmﬂkz)T'

2.3 Measures

A high-accuracy IMU is used for measuring the response obthject during its pendular
motion (see Fid.|1). The system used in this work is depictédg.[3 and uses a tri-axial gyro, a
tri-axial accelerometer and a tri-axial magnetometerjddlshows its technical specifications.

Figure 3: Crossbow Fiber Optic Vertical GYRO.
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Update rate 1100 Hz
Attitude range (Roll, Pitch) + 180 deg+ 90 deg
Resolution < 0.1deg
Heading range + 180 deg
Resolution 0.1 deg
Angular velocity range + 200 deg/s
Resolution < 0.05 deg/s
Acceleration range +10g¢g
Resolution < 1.25mg

Table 1: Crossbow Fiber Optic Vertical GYRO specifications.

The estimates of the angular velocity,;; and angular positiogy,y provided by the IMU
are affected by noise,, andn,, respectively, and are available &tdiscrete sampling time
instantst;,. Hence, a set of measurement equations can be written as

z(tr) = y(te) + p(te), (11)

wherez = (wh . gh,u)7 is the measurement vectar = (w?", ¢7)T = a is the output vector,
andu = (nf,nl)" is the measurement noise vector whose covarianB is- E[p.p)], E[]
being the expected value operator.

2.4 Parameter Estimation

The OEM method [9] for the estimation of the unknown modebpagters in modeM (p)
can be written as

min J (z —vy), (12a)
st f(z,xz,p) =0, (12b)

y = h(z), (12c)

g(p) <0. (12d)

The presence of the measurement noise makes the problemte¢hastic nature. Hence,
the optimization cost functiod is typically a statistical measure of the difference betwee
measuregz and model outputg. A Maximum Likelihood estimator is obtained by choosing

J = det(R), (13)

whereR = 1/NS°0 (2(ty) — y(t) (2(te) — y(tk))T. Alternatively, a weighted Least
Squares estimator is obtained if

J = % (z(te) — y(te) )W (2(ty) — y(tk))Tu (14)

1

whereW is a weight matrix. This method can be seen as a particula athe Maximum
Likelihood method for known measurement noise covarianagimyW = R~! [9]. Inequal-

ity (L2d) enforces possible constraints on the model patensie Such constraints ensure that
the estimated parameters lie within acceptable bounds ambttake at convergence values
which are non-physical.
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The Filter Error Method/[9] considers also the possible @nes of a process noise term in
Eq. (12b); this however was not deemed necessary in thentragplication, since the experi-
ments are conducted in calm air in the laboratory.

3 APPLICATIONS AND RESULTS
3.1 Simulated Identification

To test the identification procedure we carried out a numbsmoulatedexperiments. This
phase is essential for understanding whether the unknoranmgders are observable and to what
degree, to evaluate the effects of the aerodynamic andfjoatibn coefficients, to study the
effect of measurement noise and therefore to determinestingred accuracy of the on-board
IMU, and to determine the best practices and procedurebéacdnduction of the experimental
observations.

To this end, systeni{4) was integrated forward in time frosigaeed initial conditions and
for given realistic values of the parameters of the modeladride experimental equipment, in-
cluding measurement errors. Of the many tests conducterepeet here only a brief synthesis
to illustrate the main conclusions.

Firstly, the aerodynamic contribution to the moment actinghe body is almost negligible
if compared to the friction contribution, which is reasoleabonsidering the low speed ex-
perienced by the vehicle during its pendular motions. Furtiore, it was observed that the
unknown aerodynamic parameter can be eliminated withotiteable effects on the quality
of the estimates of the inertia terms, with a reduction by ohthe number of the problem
unknowns. Typically this is automatically compensated lslight overestimate in the value
of the converged friction coefficients. Figuire 4 reportstthee histories of the measures (solid
lines) and those produced by the identified model at connemyédashed lines), which show
an excellent matching. Figuré 5 shows the convergencerisfdhe inertial parameters, with
whiskers indicating the associated standard deviatioragamatizontal line indicating the exact
solution. Finally, FigL 6 shows the convergence histonheffriction coefficients: it is evident
how the friction coefficienju, is slightly overestimated to approximately include the garg
contribution of the aerodynamic drag.

100 T T T T T T T

50(- E -
0
-501- -

p [deg/s]

q[degrs]
°
1

Time [s]

Figure 4: Time histories of the angular velocity body-dtiad components for a simulated identification experi-
ment. Solid line: IMU-measured response. Dashed line: egetpresponse for converged estimated model.
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Figure 5: Progress of inertial parameters with standaribtiens. Horizontal line: exact values.
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Figure 6: Progress of friction parameters with standardadiens. Horizontal line: exact values.

Secondly, we observe that the estimation of the inertiadip@ters is unsatisfactory if the
distance from the pivot point to the center of gravity is tamk. In fact, referring to Eq.(3),
if the contribution of the inertia tensor about the centegi@vity, J, becomes too small with
respect to the transport contribution, the estimates termbtome inaccurate; with the small-
size UAV object of the present study, an acceptable limitthas distance is of about m.
Figure[T shows the response of the identified model perfonvigtda distance from the pivot
point to the body center of gravity equal2an, which clearly shows a poor matching indicative
of a very imprecise identification.

Finally, we notice that it is important to choose a suitaligphtude for the initial conditions
in order to properly excite the response of the system andagtee a satisfactory level of
observability for all parameters. Tests revealed thathégresent case, estimates begin to be
inaccurate with starting values for the rglland pitchd angles below 0 = 15 deg.

3.2 Procedure Validation

Before attempting the estimation of the inertial paransetdéra small-size RUAV, the pro-
posed procedure was validated with the help of a complexcojigh known inertial properties,
having weight and dimensions similar to those of the targ$\R To this end, we used a steel
plate with several holes and added weights, as shown i _Figh@ inertial properties were
obtained by a detailed CAD model of the object, and by wenghéind precisely measuring all
components, including the IMU.

Figure[9 and 10 show that the estimated time histories foctingerged estimated model fit
the measures with reasonable accuracy, which is indicatimesuccessful identification.

Figure[11 illustrates an example of the convergence histbye principal moments of

8
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Figure 7: Simulated identification with large distance pigenter of gravity. Solid line: IMU-measured response.
Dashed line: computed response for converged parameireagish.

(a) Balanced plate. (b) Overall system.

Figure 8: CAD model of the object of known inertial propestiesed for the validation of the procedure.

inertia of the validation object. The identified values foese parameters lay withinda5%
band from the expected CAD-derived values.

Figure[12 shows the convergence history of the productsasfiaof the plate. We observe
that the termd,, and/,, are identified with lower accuracy than in the previous cdse, to
the fact that these parameters are two orders of magnituas khan the principal moments of
inertia. Notice however that the initial guesses were seeto, and that the converged values
are of the correct order of magnitude.

Figure[13 illustrates the convergence history of the fictcoefficients of the joint. As
their actual value is unknown, we can only appreciate they ghow a rapid convergence to
reasonable values.

These results seem to support the conclusion that an aeddeattification of the inertial
properties of an object with weight and dimensions simiahbse of the plate used for valida-
tion, is possible with the procedure and equipment dest@beve.
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Figure 9: Plate angular velocity body-attached componegtdid line: IMU-measured response. Dashed line:
computed response for converged parameter estimation.
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Figure 10: Plate Euler angles. Solid line: IMU-measuregoase. Dashed line: computed response for converged
parameter estimation.

3.3 Application to a Small-Size RUAV

The RUAV is tested with an empty fuel tank, to avoid sloshingml the pendular motions.
Figure[14 shows the configuration during the experiments,stipporting structure and the
connection to a large portal used for suspending the whgbaragus. The experiment was
conducted without the rotor blades, although the figure shihne opposite, since they will
occupy different azimuthal configurations during fligheith(modest) contribution to the inertia
of the vehicle was estimated by simply weighting them andsueag the location of their
center of gravity along the span.

We performed several experiments starting from differettial conditions. For the identifi-
cation, we considered all time responses that showed amateexcitation of the three angular
velocities and the three Euler angles, according to thecatdins coming from the simulated
identification tests. The starting angular velocity wasteetero for each experiment, since the
oscillations always started from an initial condition attrby cutting a restraining string.

The time histories for the converged estimated model showaod ggreement with the time
histories measured from the pendular tests for all seleexgériments, as shown in Fig.]15

10
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Figure 11: Progress of principal moments of inertia witmetxd deviations. Horizontal line: “exact” CAD-
derived values. Light band: error bounds.
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Figure 12: Progress of products of inertia with standardadmns. Horizontal line: “exact” CAD-derived values.
Light band: error bounds.

and16. It appears that the measured time histories preseghdrequency component of the
response, probably due to the elasticity of the supportingtire. Clearly, such component of
the solution is absent from the identified model, since itsdal on the rigid body assumption.

The numerical values of the identified parameters are predem Tabld 2. Each identified
value is the mean value obtained by several identificatiors tarting from different initial
guesses for the parameters, and it is shown together wittatslard deviation. Overall, the
results indicate that the principal moments of ineftia I,,, andI. . and the friction coefficients
ux, andpuy, show a good precision, with standard deviations withia 15% of the respective
mean values. Similarly to the validation problem, it apgdhat the product of inertié,. has a
lower degree of precision.

Figurel1Y illustrates an example of the convergence hisibtlye moments of inertia of the
helicopter, with the standard deviations at each iteraimwn by using whiskers. The estimate
of I, is characterized by a higher precision than the other m@drameters, while the worst
precision is associated to the product of ineftia

Figure[18 illustrates an example of the convergence histbtiye friction coefficients at the
suspension joint. It appears that both estimates are dbearsr by a good accuracy.

11
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Figure 13: Progress of friction coefficients with standagdidtions. Horizontal line: converged values.

(a) Supporting structure. (b) Helicopter hung to portal.

Figure 14: RUAV configuration for pendulum experiments.

4 CONCLUSIONS

In this paper we have presented a method for estimating #r#iartensor of a small-size
aerial vehicle. It was shown that accurate identificatiorihef inertial parameters of such a
vehicle can be achieved by using specific experimental gagens which may be conducted
in the laboratory, prior to performing the flight tests nesaey for the estimation of its aerody-
namic characteristics. The procedure consists in subgetiie vehicle to a pendular motion,
and recording its response. From the measured responiseatest of the unknown model pa-
rameters are computed using a maximum likelihood time-dlow@atimization, which accounts
for the stochastic nature of the problem due to the presenoeasurement noise.

Identified Parameter Mean Value Standard Deviation

L. [kg m?] 0.171 0.019
1, [kg m?] 0.898 0.038
I.. [kg m?] 0.932 0.066
I, [kg m?] -0.055 0.063
10, [N 0.248 0.026
11x, [N 0.115 0.018

Table 2: Estimated inertial properties of the RUAV and jdidtion coefficients.

12
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Figure 15: RUAV estimation problem, angular velocity baatyached components. Solid line: IMU-measured
response. Dashed line: computed response for convergachptar estimation.
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Figure 16: RUAV estimation problem, Euler angles. SolielilMU-measured response. Dashed line: computed
response for converged parameter estimation.

The results have shown a very satisfactory agreement betmeasured and computed re-
sponses, which indicates a successful identification ofutllénown inertial parameters and
confirms the suitability of the approach for the present ssop

We have argued that performing simulated identificatiotsteBem virtual experiments and
validating the procedure with an object of known charast&s, provides helpful information
on the design of the experimental set-up, on the tuning gftbeedure and on the identification
of best practices for conducting the experiments.

Specific conclusions which have emerged from the preserk eaw be summarized as fol-
lows:

e Aerodynamic forces during pendular motion are negligibleompared to the friction
contribution: the elimination of the aerodynamic termsnirthe model simplifies the
identification process and leads to good agreement betweasured and simulated re-
sponses, with a small overestimate of the friction coeffitse

e The distance from the pivot point to the vehicle center ofgyanust be small enough to
minimize the transport contribution to the inertia tensor;

13
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Figure 17: Progress of inertial parameters with standavéatlens. Horizontal line: final identified value. Light
band: standard deviation of final identified value.
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Figure 18: Progress of parameters with standard deviatidiosizontal line: final identified value. Light band:
standard deviation of final identified value.

e Suitable amplitudes for the initial attitudes must be cihnaseorder to properly excite the
system response and guarantee a satisfactory level oivalbddy for all parameters;

e The validation of the method with an object with known ingrproperties indicates that
the principal moments of inertia can be identified withift3% of accuracy, which was
judged sufficient for the present application;

e The application of the proposed method to a small-size coafir UAV with unknown
inertial properties lead to estimates of the principal mots®f inertia and friction pa-
rameters with standard deviations withir- 15% of their respective mean values.
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