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Abstract In this paper, trajectory optimization and parameter esti-
mation problems in vehicle dynamics are first defined using a unified
notation. Next, it is shown that both can be formulated as two-point
boundary value constrained optimization problems defined over a tem-
poral domain of known or unknown duration. We further show that
both can be discretized in time using the same algorithms, obtaining a
constrained algebraic optimization problem which is formally identical in
the two cases, and which can be solved using standard techniques. The
unified formulation is exploited for developing a general purpose com-
puter code for the solution of both classes of problems with applications
in rotorcraft flight mechanics.
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1. Introduction

In this paper we formulate a unified approach to the problems of trajectory
optimization and parameter estimation in vehicle dynamics.

In a trajectory optimization or Maneuver Optimal Control Problem (MOCP),
one is interested in computing an extremal maneuver for a given vehicle model;
the sought solution minimizes a cost function while satisfying given constraints
which translate various requirements including the boundaries of the perfor-
mance envelope of the vehicle [1, 2].

In a Parameter Estimation Problem (PEP), one is interested in finding esti-
mates of some free quantities in a parametric model, which best fit some given
measurements of the response of the actual vehicle gathered during experimental
observations [3].

Both problems amount to two-point boundary value optimization problems
in the time domain: the former is formulated for a given model and has the
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vehicle inputs as primary unknowns, while the latter is formulated for given
inputs and associated measured responses and has the model parameters as
primary unknowns. In the MOCP case, the temporal duration of the maneuver
is often unknown; this however does not cause any conceptual difficulty, since
the duration itself can be treated as an additional unknown of the problem.
When discretized in the time domain, both problems can be turned into non-
linear constrained algebraic optimization problems, for which efficient solution
techniques are available.

The unified formulation of the two classes of problems was exploited for
developing a general purpose software program. The code has been specifically
developed for applications in rotorcraft flight mechanics, although it could be
readily modified for the analysis of other vehicles. The procedures implemented
in the code support efficiently the use of vehicle models of varying complexity, a
measure which is here defined so as to account for both the number of degrees
of freedom in the model and the ratio of the fastest scales in the solution to the
duration of the maneuver or experimental observation (which is related to the
number of time steps necessary for covering the temporal domain). The bulk of
the code is shared between both applications, with differences relegated to a few
percent points of the total line count of the program and due to the different
definitions of cost functions, constraints, and unknowns for the two cases; clearly,
this leads to substantial savings in code development, debugging, validation and
maintenance.

The paper starts by formulating MOCPs and PEPs as optimization problems,
using a single common notation. Next, the discretization of the resulting two-
point boundary value problems is described, leading to a standard algebraic
constrained optimization. Techniques for handling models of varying complexity
are described and compared. Finally, we briefly review applications in rotorcraft
flight mechanics which cover both classes of problems.

2. Vehicle models

Consider a generic multi-physics multibody vehicle model M described in
terms of a set of non-linear differential algebraic equations written as

fSD(ẋSD, xSD, λ, xC, u, p, w, t) = 0, (1a)

c(xSD, t) = 0, (1b)

fC(ẋC, xC, xSD, u, p, w, t) = 0, (1c)

where xSD are the structural dynamics states, λ are constraint-enforcing La-
grange multipliers, xC are the states describing the coupled fields (e.g. aero-
dynamic, hydraulic, etc.), and u is the control input vector. Equations (1)
also depend on a set of model parameters p, which are unknown in the case
of parameter estimation problems whereas should be regarded as known in all
other cases. Finally, vector w(t) models other exogenous inputs and distur-
bances acting on the system (e.g., gusts and air turbulence). Equations (1a)
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group together the equations of dynamic equilibrium and the kinematic equa-
tions. Equations (1b) represent mechanical joint constraint equations, while (1c)
are the coupled physics governing equations.

The equations of motion of model M can be written in a more compact form
as

f(ẋ, x, u, p, w, t) = 0, (2)

where for the sake of notational simplicity, but with no loss of generality, we have
eliminated the Lagrange multipliers, x now grouping together the structural
dynamics and the coupled field states. The model definition is completed by
specifying a set of outputs

y = h(x), (3)

which typically represent some global vehicle states describing its gross motion,
or other quantities useful for formulating maneuver or parameter estimation
problems on model M.

3. The maneuver optimal control problem

A general MOCP [4, 1] for model M can be formulated as:

min
x,y,u,T

JMOCP(y, u, T, Ti), (4a)

s.t.: f(ẋ, x, u, p∗, w∗, t) = 0, (4b)

y = h(x), (4c)

g(x, y, u, t, T, Ti) ≤ 0. (4d)

The problem is defined over the interval Ω = [0, T ], t ∈ Ω, where the final time
T is typically unknown and must be determined as part of the solution. Specific
events might be associated with unknown time instants Ti, 0 < Ti < T (for
example, the jettisoning of part of the cargo or other instantaneous conditions).

JMOCP indicates the to-be-minimized cost, which, depending on the problem,
might account for maneuver duration, control activity, fuel consumption, etc.,
or some other given function of interest that typically expresses an index of
performance of the vehicle.

The maneuver definition is completed by providing a set of problem-dependent
equality and inequality constraints (equations (4d)) which translate the operat-
ing envelope of the vehicle, the performance and procedural requirements as
dictated by norms and regulations (for example, in the case of the certifica-
tion of flying vehicles), and all other necessary maneuver-defining constraints.
All such constraints are typically expressed in terms of the outputs y. Finally,
equations (4d) also include initial and final conditions on the vehicle states x.

Notice that the problem is formulated for a given vehicle model, i.e. for fixed
values of the model parameters p = p∗, where the symbol (·)∗ indicates a know
assigned value. Similarly, if exogenous inputs are present, these are also known,
so that w(t) = w∗(t).
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4. The parameter estimation problem

A general PEP for the parametric model M(p) can be formulated as

min
x,y,p

JPEP(z − y), (5a)

s.t.: f(ẋ, x, u∗, p, w, t) = 0, (5b)

y = h(x), (5c)

g(p) ≤ 0, (5d)

where z are measurements of the outputs gathered at N discrete sampling time
instants tk during the experimental test,

z(tk) = y(tk) + v(tk). (6)

The available measures are affected by noise v with covariance Rk = E[vkvT
k ],

E[·] being the expected value operator. The presence of measurement noise,
together with the possible presence of a process noise term w for modeling
disturbances acting on the system (e.g., air turbulence), makes the problem of
a stochastic nature. Hence, the to-be-minimized cost function JPEP is typically
a statistical measure of the match between measured quantities z and model
outputs y.

A Maximum Likelihood estimator is obtained by choosing

JPEP = det(R), (7)

where R = 1/N
∑N

k=1

(
z(tk)−y(tk)

)(
z(tk)−y(tk)

)T
. Alternatively, a weighted

Least Squares estimator is obtained if

JPEP =
1

2

N∑

k=1

(
z(tk) − y(tk)

)
W

(
z(tk) − y(tk)

)T
, (8)

where W is a weight matrix. This method can be seen as a particular case
of the Maximum Likelihood method for known measurement noise covariance
matrix, W = R−1 [3]. In the Filter Error Method [3, 5], the system states
obtained by integrating model (5b) are corrected by a Kalman filter, whose role
is to stabilize the integration around the measurements and to account for the
presence of process noise; details are omitted for brevity, but the PEP can still
be expressed in a form resembling (5).

Inequality (5d) enforces possible constraints on the model parameters. Such
constraints ensure that the estimated parameters lie within acceptable bounds
and do not take at convergence values which are non-physical.

Notice that in this case the model inputs are known and fixed to the values
u(tk) = u∗(tk) measured during the experimental test (values in between the
sampling instants may be interpolated, if necessary). Similarly, the temporal
domain Ω = [0, T ∗] is also known.



Unified approach to trajectory optimization and parameter estimation 5

When the system S (the plant) is unstable, it is usually artificially stabilized
by means of a control system (CS) (see Figure 1). The presence of the feedback
loop will in general tend to suppress the external excitation up supplied to
the system during the experimental test; furthermore it correlates inputs and
outputs, and induces a stochastic excitation into the system generated by the
process noise term. Nonetheless, parameter estimation performed from data
collected in closed-loop is the only method that can be used in most practical
cases when dealing with unstable vehicles for obvious safety reasons.

Closed-loop parameter estimation can be performed using the direct ap-
proach [6], in which one ignores the feedback by using the sole measurements
of plant inputs and outputs, i.e. on the basis of the input/output relation u/y.
This situation is illustrated in Figure 1. Notice that this approach does not
require knowledge of the CS. Therefore, there is no possible effect of regula-
tor modeling approximations on the quality of the results, and the method is
applicable even when the CS is not available, for example because covered by
proprietary rights.

Figure 1. Parameter estimation using the direct approach. Here, quantities related

to the plant (the true system, as opposed to a model of it) are indicated using the

notation (̃·).

5. Solution techniques for two-point boundary value opti-

mization problems

Problems (4) and (5) are two-point boundary value optimization problems,
and both can be solved using the same techniques. In this work, we use the
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so-called direct optimization approach [7], which is based on the idea of elimi-
nating the temporal dimension by discretization, this way obtaining a non-linear
discrete optimization (or non-linear programming, NLP) problem. This can in
general be written as

min
π

JNLP(π), (9a)

s.t. a(π) = 0, (9b)

b(π) ≤ 0, (9c)

where π is a set of algebraic unknowns, and JNLP is a scalar objective function
which represents an approximation of the cost of equation (4a) or (5a). The
equality constraints (9b) are generated by the discretization of the equations of
motion (4b) or (5b), while the inequality constraints (9c) by the discretization
of the constraints (4d) or (5d). The specific form of the vector of algebraic
unknowns and of the constraints depends on the method used for performing
the discretization of problems (4) and (5), as detailed below.

The NLP problem (9) is solved using sequential quadratic programming
(SQP), with gradients computed by perturbation [8]. For robustness, it is usu-
ally convenient to consider a scaled version of problem (9), where the NLP
variables π are replaced by scaled quantities π̂ = diag(wπ)π, wπ being scaling
coefficients chosen so that the new unknowns are π̂ ≈ O(1). Likewise, also the
constraints (9b,9c) are similarly scaled.

5.1. Problem complexity

The discretization of problems (4) and (5) to yield an equivalent NLP prob-
lem must be made by taking into account the underlying complexity of the
problems to be solved. In the context of the present discussion, a meaningful
measure C of the complexity of problems (4) and (5) is given by the expression

C = κ
T

τ
, (10)

where κ is the number of unknown components in the problem, T is the length
of the temporal domain and τ is the characteristic time length associated with
the fastest solution scale component that one needs to resolve.

For the MOCP case, κ is the number of states plus the number of inputs
and outputs. For sophisticated models (as for example aeroelastic models with
flexible components and refined aerodynamics), the number of states is signif-
icantly larger than the number of inputs (which is usually very small for most
vehicles) and of outputs (which is also typically a rather small number). For the
PEP case, κ is the number of states, outputs and unknown model parameters;
here again, for sophisticated models, the number of states dominates since just
a rather limited number of model parameters are typically observable and can
be estimated using a given set (or sets) of measurements.
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Problems of modest complexity use vehicle models with a small number of
unknown quantities κ, and a solution is sought which captures only those com-
ponents of the response which are slow compared to the overall duration (T/τ
small). On the contrary, problems of high complexity use models with many un-
known quantities (κ large, typically because of a large number of states) which
capture fine scale response components, that are possibly very fast compared to
the length of the temporal domain (T/τ large).

5.2. Direct transcription

Using the direct transcription approach, the time interval Ω is partitioned
as 0 = t0 < t1 < . . . < tN = T , where the generic time element, noted Ωi =
[ti, ti+1], i = (0, N − 1), has size hi = ti+1 − ti. Quantities associated with the
generic element vertex i are indicated using the notation (·)i, while quantities
associated with the generic element i are labeled (·)i. The time step size is a
function of the final time when T is unknown, i.e. hi = hi(T ).

In each time element Ωi, the governing equations (4b) or (5b) are discretized
using a suitable numerical method. Considering a low order scheme without
internal stages for notational simplicity, the discrete equations write

fh(xi+1, xi, u
i, p, w, hi) = 0, i = (0, N − 1), (11)

where fh is an algorithmic approximation of function f , xi, xi+1 are the values
of the state vector at ti and ti+1, respectively, while ui represents the value of
the control vector within the step. Clearly, in the MOCP case p is known, and
the NLP variables are chosen as:

π = (xi=(0,N), u
i=(0,N−1), T ), (12)

i.e. they are defined as the discrete values of states and controls on the com-
putational grid, and the final time. On the other hand, for the PEP case ui is
known and the NLP variables are:

π = (xi=(0,N), p). (13)

In both cases, the optimization cost (equation (4a) or (5a)) is discretized in
terms of π, obtaining the discrete cost JNLP of equation (9a). Then, the model
and output equations (4b,4c) or (5b,5c) are discretized over each step using
equations (11), and become the set of NLP equality constraints appearing in
equations (9b). Finally, all other problem constraints and bounds, equations (4d)
or (5d), are expressed in terms of the NLP variables π and become the NLP
inequality constraints of equations (9c).

The resulting problem is potentially large; in fact, the problem size is propor-
tional to the complexity C defined in equation (10), i.e. it grows not only with
the number of states, but also with the number of time steps N , which increases
with the ratio T/τ . This means that, although the problem is very sparse and
has a banded nature due to the fact that each time step couples together only a



8 C.L. Bottasso, F. Luraghi and G. Maisano

few of the discrete unknows, the direct transcription approach is applicable only
to problems of not excessive complexity.

On the other hand, the method is typically very robust; since the equations
of motion are discretized on the temporal grid and retained as constraints, the
solution is much more stable than in the case of the shooting methods described
next.

5.3. Direct multiple shooting

Figure 2. Basic principle of the multiple shooting method.

The time domain Ω is partitioned as 0 = t0 < t1 < . . . < tM = T with
Ωm = [tm, tm+1], m = (0, M − 1), where each Ωm is a shooting segment, as
illustrated in Figure 2. Quantities associated with the generic vertex j between
segments are indicated using the notation (·)j , while quantities associated with
the generic segment k are labeled (·)k. For the MOCP case, the controls are

discretized in each shooting segment Ωm as um(t) =
∑Nm

c

i=1 si(t)u
m
i , where si(t)

are basis functions, in particular cubic splines in the present implementation,
and um

i are Nm
c unknown discrete control values. Control approximations are

confined on each shooting segment, instead of considering interpolations across
segment boundaries; this has the effect of decreasing the computational cost of
finite differencing by increasing the problem sparsity. Constraints are enforced
at the shooting segment boundaries to enforce the continuity of the controls up
to C1.

For the MOCP case, the set of NLP variables is chosen as:

π = (xm=(0,M), u
m=(0,M−1)
i=(1,Nm

c
) , T ), (14)

i.e. they are defined as the discrete values of the states at the interfaces between
shooting segments, the discrete values of the controls within each segment, and
the final time. For the PEP case, the set of NLP variables are:

π = (xm=(0,M), p). (15)
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Next, the governing ODEs (4b) or (5b) are marched in time within each
shooting segment Ωm, starting from the initial conditions provided by the values
of the states xm at the left boundary of the segment. The effect of the forward
integration is to generate a discrete time history of states within Ωm, which we
label xm

i , i = (1, Nm), where Nm is the number of steps taken in that segment.
The last value of this sequence is named x̄m+1 = xm

Nm , and represents the
new value of the state variables at the right boundary of the shooting segment.
Segments are then glued together by imposing the following equality constraints

xm − x̄m = 0, m = (2, M). (16)

In the direct multiple shooting case, the cost of equation (4a) or (5a) is
discretized in terms of π and evaluated using the segment time histories xm

i ;
this yields the discrete cost JNLP of equation (9a). Next, the gluing condi-
tions (16) are used to express the set of NLP equality constraints appearing
in equations (9b). All other problem constraints and bounds, equations (4d)
or (5d), are expressed in terms of the NLP variables π and become the NLP
inequality constraints of equations (9b).

Multiple shooting segments are introduced for reducing the potential instabil-
ities encountered using a single shooting arc. With a shooting method, adaptive
step procedures can be used to advance the solution in time within each seg-
ment, so that highly accurate solutions can be obtained. The size of the NLP
problem clearly depends on the number of segments but, since the segments are
consecutive, the resulting problem is sparse. Even more importantly, the size of
the NLP problem does not depend on the number of internal steps taken in each
segment. This is crucial if the vehicle model M has fast dynamic components
which need small time steps to be resolved. Hence, shooting-based methods
can handle problems with higher values of the complexity C than in the case of
transcription methods.

5.3.1. Direct single-multiple shooting

For problem in rotorcraft flight mechanics, we have observed that the satis-
faction of the multiple shooting gluing constraints can be particularly difficult
and usually ends up dominating the problem. This is not surprising, since the
rotor generates most of the aerodynamic forces acting on the vehicle and even
small variations in its states may imply large variations in the resulting forces,
which hinders the satisfaction of the gluing constraints. We have found that
these problems can be alleviated by using multi-time scale arguments [9]. In
fact, the rotor states (both structural and aerodynamic) are significantly faster
than the flight mechanics ones. Thus, since the multiple shooting treatment of
these fast states is the main cause of the two aforementioned issues, i.e. raise in
computational cost and difficulty in satisfying gluing constraints, one can think
of treating slow and fast scales using different methods.

The procedure uses a multiple shooting approach for the slow states. This
is crucial, since with single shooting small changes early in the trajectory can
produce dramatic effects at the end of it; clearly, the problem is exacerbated
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when analyzing unstable systems, which is often the case when considering ro-
torcraft vehicles. Hence, the multiple shooting treatment of slow scales avoids
the blow up of the solution. On the contrary, the fast scales are treated using
a single shooting approach, as depicted in Figure 3. This does not compromise
the robustness of the procedure, since fast scales will not diverge if slow ones do
not; hence, the stabilizing effect produced by the multiple shooting treatment of
slow scales is felt also at the level of the fast ones.

Figure 3. Hybrid single-multiple shooting approach.

With such a hybrid single-multiple shooting approach, the size of the re-
sulting NLP problem is substantially reduced and so is the total computational
cost. Furthermore, there are no gluing constraints to be enforced for the fast
rotor states, since only the slow states need to be glued together at the shooting
interfaces. This has the effect of greatly increasing the robustness of the proce-
dure, and the convergence speed. The detailed mathematical formulation of the
single-multiple shooting method is given in reference [9].

5.3.2. State dependent constraints

One possible issue with the multiple shooting approach is the solution of
MOCP problems with state dependent constraints. In fact, only state variables
at the shooting segment boundaries enter into the definition of the optimization
unknowns (see the definition of π given in equation (14)). Therefore, one can
not directly impose constraints or bounds on the values assumed by the states
within the shooting segments.

A simple but approximate way of dealing with this problem is to break the
segment where violations are detected into small ones, and continue with refine-
ment until no more internal violations are found or when they become smaller
than some given acceptable tolerance.
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6. Software architecture

We have exploited the similarities between MOCPs and PEPs for develop-
ing a general purpose software program for rotorcraft applications named STOP

(System Identification and Trajectory Optimization Program). The architecture
of the code is shown in Figure 4.

Figure 4. Architecture of the STOP code.

A graphical user interface supports the definition of MOCPs and PEPs. Both
classes of problems share the same direct optimization strategies, which include
direct transcription and direct multiple and hybrid single-multiple shooting so
as to support a broad range of vehicle models of varying complexity. This layer
generates a NLP problem, which is solved using a SQP algorithm. Time march-
ing can be based either on algorithms available in external vehicle models, or
with built-in explicit or implicit time solvers. The vehicle models include an op-
tional layer that models the pilot, which is useful in certain MOCP applications
for computing maneuvers considering pilot-in-the-loop effects [10]. The vehicle
itself can be modeled using an internal model, or by external simulators through
a generic interface which supports all necessary operations.
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7. Applications and results

7.1. MOCP: Category-A continued take-off after engine failure for a

tilt-rotor

We consider the vertical take-off from a confined area for the tilt-rotor ER-
ICA [11] under Category-A certification requirements, as described in [12]. The
vehicle model is implemented with the FLIGHTLAB [13] code, and it is based on
three-dimensional rigid body dynamics, with two four-bladed gimballed rotors
with Peters-He dynamic inflow.

The optimization cost function (4a) takes the form

J = h(T ) +
1

T

∫ T

0

u̇ · Wu̇dt, (17)

where h(T ) is the altitude loss at the lowest point in the maneuver, measured
from the initial trimmed hovering condition. The maneuver definition is com-
pleted by the exit conditions, which specify a positive climb gradient and force
the rotor speed back to its nominal value; furthermore, bounds on the vehicle
control inputs and their rates are enforced throughout the maneuver.

A series of snapshots from the computed maneuver are shown in Figure 5.

Figure 5. Continued take-off of a tilt-rotor, after loss of power from one of the engines.

The computed control time histories are given in Figure 6. Notice how a quick
stick-forward input is applied in the initial phase of the maneuver to promote
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a fast forward acceleration of the vehicle to gain speed and hence reduce the
required power, as expected.
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Figure 6. Category-A continued take-off: time history of control inputs.

7.2. PEP: identification of a small autonomous vehicle using simula-

tion data

We consider the problem of parameter estimation for a small-size unmanned
rotorcraft vehicle; full details on this problem are given in reference [14]. Model
equations are derived from first principles based on the three-dimensional rigid
body equations of motion. Rotor forces and moments are computed analytically
by combining actuator disk and blade element theory, considering a uniform
inflow (see reference [15]). The model also include a Bell-Hiller stabilizing fly-
bar.

We perform a virtual experiment considering the vehicle trimmed in forward
flight at a very low advance ratio, µ = 0.04. Data used for estimation is generated
by integrating the equations of motion of the vehicle under the action of a LQR
regulator, with successive excitation of the main rotor longitudinal cyclic, main
rotor lateral cyclic, main rotor collective, and tail rotor collective using a 1-1-2-3
sequence [3]. The generated output signals are corrupted by adding a white
noise.

Figure 7 shows some of the typical results obtained for this problem with the
Maximum Likelihood method. The time histories show a very good agreement
between the simulated flight data and the computed response for converged
parameter estimates.
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Figure 7. Left: roll rate; right: pitch rate. Solid line: simulated flight data. Dash-

dotted line: computed response for converged parameter estimates.

8. Conclusions

We have formulated a unified approach to trajectory optimization and pa-
rameter estimation in vehicle dynamics. The unified approach has enabled the
design and implementation of a common computer program for the solution of
both classes of problems, reducing the time and effort of software development,
debugging, validation and maintenance.

The common thread between the solution of the two problem classes is the
discretization in the temporal domain, which leads in all cases to standard alge-
braic constrained optimization problems. We have argued that such discretiza-
tion must be carried out in a way which reflects the level of complexity (as defined
in this work) of the problem. More specifically, experience has shown that the di-
rect transcription method is the more robust of the approaches, but can typically
only be applied to problems of low to moderate complexity. On the other hand,
problems of higher complexity should be treated using shooting-based methods,
which however need some care in their usage regarding the presence of possible
instabilities, the satisfaction of the gluing constraints and the enforcement of
state inequalities. In all cases, scaling of the unknowns and of the governing
equations eases the problem by improving its conditioning.

The approach described herein lends itself to the use of black-box models of
the vehicle, which is often useful in practical applications, and in fact the software
has been successfully interfaced with existing industrial rotorcraft codes.

Future efforts will concentrate on further expanding the features of the code
and on its extensive use and validation on cases of industrial relevance.
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