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Adaptive Reference-Augmented Predictive
Control, with Application to the Reflexive

Control of Unmanned Rotorcraft Vehicles

Abstract

We describe a novel adaptive non-linear model predictivetroier which is based on the idea of neural-
augmentation of reference elements, both at the level ofedaced model and at the level of the control action.
The new methodology is primarily motivated by the desire dasistently incorporate existing legacy modeling and
control techniques into an adaptive non-linear, yet raétcapable, control framework.

At the level of the model, a reference model is augmentedgusimadaptive neural element. Kalman filtering is
used for identifying on-line the free parameters of the abaetwork, with the goal of maximizing the prediction
fidelity of the model with respect to the plant. At the leveltbé control strategy, a reference solution is augmented
using a second adaptive neural element. The augmentingotaetwork is trained on-line for correcting the reference
control action and promoting it to the solution of the ungieig non-linear model predictive problem.

The resulting neural-augmented control strategy is noeali, yet it is real-time capable in the sense that it
requires a fixed number of operations at each step. Furthierritsubstantially eases the adaption process, since the
neural elements must only be trained to capture the defédteeaeference legacy elements, which is small if such
reference elements are adequate.

The proposed procedures are demonstrated in a virtualoement with the help of the classical model problem
of the double inverted-pendulum, and with the more challengeflexive control of an autonomous helicopter.

Index Terms

Predictive control, adaptive control, neural networks biteorobots, real time systems.

NOMENCLATURE

Cost function

Length of the prediction window
Length of the steering window
Moment resultant

Free control parameters

Free model parameters
Position vector

Force resultant

Control inputs

Linear velocity vector
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States

8

Outputs
Direction cosine matrix

Co-states

€ >» o «

Angular velocity vector

Time

~

to Initial time

a Scalar

a Vector

A Matrix

b Matrix of partial derivativegda;/0b;]
O Goal to-be-tracked quantity

)T Transpose

A Vector components in thel triad

Je Control element quantity

m Reduced model quantity

Jp Parametric quantity

Vref Reference quantity

Derivative with respect to time, d/dt

) Plant quantity

|. INTRODUCTION AND MOTIVATION

Model predictive control is based on the on-line solutioranfoptimal control problem, which seeks to minimize
some appropriate cost function [1]. The problem is formadah terms of a reduced model of the plant, that allows
one to predict the future response of the system on a gives lionizon. The computed control actions are then
used to steer the plant on a short time window. At the next ttep, the open-loop optimal control problem is
solved again on a prediction window shifted forward in timmecéding horizon control).

If the reduced model is linear, the cost is quadratic and tkediption horizon of infinite length, one has the well
known linear-quadratic-regulator (LQR) problem. Optirstdte- or output-feedback gains can be pre-computed by
numerically solving off-line suitable non-linear matrirgblems [2], [3]. When the problem is non-linear (non-linea
model predictive (NMP) control), the solution can not in geal be pre-computed and has to be obtained on-line by
numerical means on a finite horizon (see [4] and referenesitihfor stability results in this case). Although there
are efficient methods to solve this class of optimal controbfems [5], these are typically not yet fast enough for
real-time applications. Even more importantly, such atbars are iterative by nature, and hence it is difficult if
not impossible to guarantee the satisfaction of a hardthea-schedule, since the number of operations required

for computing the solution at each step is not known a priori.
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It is clear that the applicability of non-linear model pretilie controllers to a variety of control problems of
industrial interest is crucially dependent on:

1) The ability to develop good non-linear reduced modelshefpilant, i.e. on the ability of the reduced model
to perform faithful predictions of the plant response; cetihat faithfulness of the model to the plant is the
key property for proving non-linear stability of NMP contfa], the finite horizon length issue being a lesser
concern [4].

2) The ability to solve on-line the resulting open-loop aml control problem in real-time, i.e. fast enough and
with a fixed number of operations.

In this paper we propose an approach which tries to addretss diathese concerns through the concept of
augmentatiorof referencesolutions, both at the level of the reduced model and at thed l&f the control actions.
For this reason, the proposed approach is here termed Refefaigmented Predictive Control (RAPC).

For the reduced model, the idea is as follows. A problem-ddeetreference approximate modef the plant is
augmented with an adaptive element, a neural network in tegept case, which is trained on-line to capture the
“defect” between the solution of the approximate referemoelel and the real response of the plant [6].

For the control actions, the procedure is as follows. At et@mle step, areference control solutiofis provided
by a suitable control method, which is the LQR in this papdrdauld be any controller that works well for the
problem at hand and guarantees a minimum level of acceppedifermance. These approximate control actions
are nowaugmentedy a second adaptive element, which is trained on-line tocqimate the “defect” between the
reference and the NMP solutions. The adaptive element cathbgen as any suitable parametric function, as for
example a neural network in the case of the present papefioBsework in this class of controllers is described
in [7].

A major motivation behind RAPC is the observation that, ihcaintrol application fields, there is a wealth of
knowledge and legacy methodologies which are known to perfieasonably well for a given problem. In the
design of new advanced control techniques and in the searchefter performance and improved capabilities,
it is clearly undesirable and wasteful to neglect valuabigilable prior knowledge. RAPC allows one to exploit
available legacy methods, embedding them in a non-lineatempredictive control framework. For example, in
the field of rotorcraft flight mechanics, there is vast exprce on the modeling of the vehicle using combined
blade element theory and inflow modeling techniques [8], Y&}, given the complexity of rotorcraft aeromechanics
and the necessity to limit the numerical cost of flight medtgmodels, there will always be physical processes
which are not captured or not resolved well by the availabtelefs. The reduced model augmentation of RAPC
provides a way to improve an existing flight mechanics moldglirying to approximate the effects of unmodeled
or unresolved physics on flight mechanics. Similarly, thiera wealth of experience in the design of flight control
systems using a variety of linear control techniques [2]r Fighly non-linear systems such as helicopters, the
control augmentation of RAPC provides a consistent way &igthea non-linear controller building on linear ones
which are known to provide a minimum level of performanceldhrertain linearized operating conditions.

A part from the motivations above, the present approach lagailowing highlights:
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« It is adaptive at the level of the model and at the level of thetl laws. The two are coupled, but they can
be trained independently on-line, which eases this protieissis in contrast with other approaches, such as for
example adaptive critic methods [10], where the adaptigenehts are intimately coupled and must be trained
simultaneously. Through the proposed procedure, we artatdeparate the control and model identification
problems using two different sets of adaptive elements tomplish the two different tasks. Different training
strategies can be used, as well as different update fregsertor example, in this work the model network
parameters are identified using a Kalman filter, while thetrmdbmetwork parameters are identified using a
steepest descent approach.

« Both controller and reduced model are fully non-linear, ffe¢ numerical implementation of the adaptive
controller requires the exact same number of operationact #me step. This means that one can guarantee
the satisfaction of a hard real-time schedule (clearlymasg that sufficient computing resources are available).

« Since the procedure is based on reference solutions, a ommilevel of performance is guaranteed even at the
beginning of the process and before any adaption has takee.pgbince reasonable predictions and reasonable
control actions are generated by the reference elemert® th no need for pre-training of the networks, a
major hurdle in other network-based or adaptive controlregghes [10]. In fact, all examples presented in
this paper were successfully solved without any pre-trginby simply starting from small random numbers
for the unknown parameters of the adaptive elements.

« If the reference solutions are in the neighborhood of the trmes, the defect that the networks are in charge
of approximating is small, and this substantially easeddhbatification process. This is in contrast with other
approaches which delegate to the networks the approximafithe whole solution [11].

« Adaptivity of controllers is often seen as a topic of acadeimierest, but of little applicability in real life, such
as to flight control systems, for which one must be able to @utae a certain minimum level of performance
throughout the operating envelope of the controlled sysi&ithough we do not address this problem in the
present paper, we believe that RAPC gives a way to addresgsthie: by monitoring the magnitude of the
defects which are identified on-line, i.e. by verifying hofar” we are going from the reference solutions,
we hypothesize that appropriate strategies can be desfgnelétecting anomalous behaviors of the adaptive
processes and for system diagnostics.

The paper is organized as follows. Section Il formulatespiteblem of non-linear model predictive control, and
introduces the relevant notation. Next, Section Il ddsesithe adaptive reduced model identification procedure
based on the augmentation of a reference reduced model hétrequation defect. Section 1V describes the
augmentation of a reference control strategy, so as to appate the solution of the underlying non-linear model
predictive control problem in a way which is adaptive and-tiae capable. The key contribution of this section is
the analysis of the functional dependence of the minimizipimal control on the problem data, which forms the
basis for the proposed approximation. Finally, Section &spnts results and applications of the new controller. The

methodology is first tested on the classical double invepedulum model problem, and then it is demonstrated
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for the reflexive control of a high performance autonomousraraft.

II. NON-LINEAR MODEL PREDICTIVE CONTROL

The basic principle of non-linear model predictive conisolllustrated in Fig. 1. At the current tim&, a non-
linear reduced modeM is used for predicting the future behavior of the pla?tt in terms of its stategx € R"™
under the action of the control inputs € R™. An open-loop optimal control problem is solved for the reeld

model on a finite horizon (the prediction winddw. ta + T..1). The cost of this optimization problem is in aeneral

Goal response x*(t)
Predicted response x(t)

Prediction error
Plant response (t)

......
.t
o
o
.
o
o
.
....

CODtW/

Steering window tg + T’

Goal control u*(t)
Computed control w(t)

to Prediction window to + 1,

Fig. 1. Model predictive control

The controls computed by the optimizer are now used for istgehe plant, but only on a short time horizon up
to time tg + T, as soon as a new measurement becomes available. In fadp thee presence of disturbances and
the inevitable mismatch between reduced model and plaatattual response of the systarty) will drift away
from the predicted one(t). Once the plant has reached the end of the steering wirtiowy + 7] under the
action of the computed control inputs, the model predictpéimization problem is solved again, looking ahead
in the future over the prediction horizon shifted forwardtime. This procedure results in a feedback, receding
horizon approach.

The future control actions are computed by solving the foilhy open-loop optimal control problem:

t0+Tp
min J :/ L(y,u)dt, (1a)
uw,z,y to
st f(@,x,u) =0, t€[to,to+Tp), (1b)

.’B(to) = Xy, (1C)
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y=g(x), tE€lto,to+ Tyl (1d)
The tracking cost is noted, whose integrand.(-,-) : Rl x R™ — R, is defined here as
L(y,u) = (y - y") " Qy — y") + (u — u") R(u —u"), )

wherey* andu* are desired goal outputs and goal controls, respectivdiijev® > 0 and R > 0 are symmetric
design matrices of coefficients which weight the output aodtrol tracking errors. The plant non-linear reduced
model is expressed by (1b), whef¢-, -, -) : R™ x R" x R™ — R", while (1c) provides the initial conditions at

the beginning of the prediction window. Finally, (1d) defintbe system outputg, whereg(-) : R* — R’

Ill. REFERENCEAUGMENTED REDUCED MODEL IDENTIFICATION

The tracking performance of the controller (1) and, ultiehgtits non-linear stability, critically hinge on the
fidelity of the reduced model to the plant [1]. More precis@lgnsider both the plarft/[v and its reduced model
M as expressed by (1b) to be subjected to the same given irgnalsi : ¢t — w(t) for ¢ € [to, to + T}, Starting

from the same initial conditions, at timet,y. The ensuing response of the plant can be written as

Where$u(~, ) : R™ x R>¢o — R™ is the plant state flow, a non-linear time dependent funcibich, for a given
control input signak:, maps the initial conditiong, into the state respons&(t); similarly, the response of the
reduced model will be

x(t) = ¢u(zo, 1), 4)

du(-,-) : R” x R>¢g — R™ being the corresponding reduced model state flow. Idealtpand reduced model

should produce the same response, i.e.
@(t) = &(t) Vi€ [to,to+Ty). (5)

When this condition holds for generic initial conditioag and control input signals: within the operational
envelope of the plant, we say that the reduced model hasopgnfediction capabilities.

Unfortunately, in all cases of practical interest the fumtal form of a reduced model (1b) with perfect prediction
capabilities is unknown. To address this issue, considst &irgiven suitable reduced model, developed on the
knowledge of the physical processes governing the respoinee plant. Such model is termed hereeference

reduced modehnd it can be written in general as

fref(m.amau) = 07 (6)

where fre (-, -, -) : R® x R® x R™ — R™. When integrated with initial conditions, under the action of a given
input signalu, this reduced model produces a respomgg # z(t), which differs from the actual one due to the

modeling errors of (6) with respect to the real plant dynanic
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Another way of looking at this problem is to say that the acplant response:(t) associated withu(t) and

xo does not satisfy the reduced model equations, or, in symbols

feet (X, T, u) £ 0. 7)

However, it is always possible to write
Fret (@, ,u) = d(Z,w), 8)

whered(-,-) : R® x R™ — R" is termed themodel equation defect functiofn other words, the defect is
that unknown function which, augmenting the reference el@mensures that the plant response satisfies the
reduced model equations, thereby generating a perfecthingtbetween the states of the reduced model and
the corresponding states of the plant, when the two are ciglj¢o the same inputs starting from the same initial

conditions. If we knew functiornl, we could write the reduced model of problem (1) as
f(@,z,u) = fret(®, 2, u) — d(x,u) =0, (9)

and the prediction of the system statesvould exactly match the corresponding values of the plawotide that
one might include in the defect also the dependence on theatiees of the states up to some suitable order, for
example for modeling delays or other effects not includethi reference model.

Althoughd is unknown, under assumptions of sufficient smoothnesspibssible to construct an approximation

of it using a parametric functiod,,, approximation which can be written as
d(w7 ’U,) = dp(ma uapm) +&m, (20)

wherep,, € RP~ are free model parameters to be identified in order to mirérttiz approximation errae,,,, and
whered,(-,-,-) : R x R™ x RP» — R™.
In this work we use as parametric function a single-hidderet neural network with;, neurons, which has the
following functional form
dy(z,u,pp) = Wha(V.E i, + an) + b, (11)

wherei,, = (z7,u”)T € R"*™ is the network input vectoW,,, € R™*" andV,, € R(+m)xnn gre matrices

of synaptic weightsa,,, € R andb,, € R" are the network biases;(e) = (...,0(-),...)T is the vector-valued
function of sigmoid activation functions(-) : R — R. The model parameters are defined as the network weights
and biases, i.e.

)T

Pm = (o s Wiy oo s Vi o5 @y oo 5 by )7 (12)

with p,, € RP™, p,,, = np(2n+m+ 1)+ n. The universal approximation property of neural netwotk®] [ensures
that the functional reconstruction errey, in (10) can be bounded d¢.,|| < C. for any C. > 0, for some
appropriately large number of hidden neurens assuming thatl is sufficiently smooth.

With these choices, the reduced model of (1b) can be written a

f(d:awauapm) = fref(m.amau) - dp(wauapm) =0. (13)
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There are several ways to identify on-line the free paramaeig of this reduced model. In the present work we

use an extended Kalman filter. The dynamics equations fomthael parameters are simply
Pm = Wpn, (14)
wherew,,, is the white process noise, and the “measurement” equatdion i
z = frcf(a.?, z,u) — dp(T, %, Pm) + W, (15)

wherew,,,, is the white measurement noise.

IV. REFERENCEAUGMENTED PREDICTIVE CONTROL
A. Functional Form of the Optimal Control Solution

In this section we develop an analysis of problem (1), in otdedetermine the functional dependence of the
minimizing optimal control signal. This will then be useddaon for developing suitable approximations.

The optimal control problem (1) can be transformed into angawy value problem in the temporal domain
[to, to + Tp]. To this end, first eliminate the outputs from (1a) using (&ad consider the constraints (1b) written
in the parametric form (13). Next, augment the cdsbf (1a) with the constraints through a set of Lagrange
multipliers A € R™ (co-states). This gives

to+Tp
J= /t (L(y(z), w) + AT f(&, z,u, pm)) dt, (16)
whereJ is the augmented cost. Finally, the stationarity of the aered cost is enforced, which yields the following

system of coupled ordinary differential equations withitheundary conditions:

f(@,z,u,py) =0, tE€ [to,to+ T}, (17a)

xz(ty) = xo, (17b)

—(ﬂfa—zf)‘) +FaA+ YLy, =0, telto,to+Ty], (17¢)
A(to + T,) = 0, (17d)
Lu+flux=0, tE€[to,to+Tp) (17e)

The system can be partitioned into three main sets of equatio

1) Equation (17a) represents the reduced model dynamits,inifial conditions provided by (17b). This initial
value problem can not in general be solved in closed form rimgeof the state functiom(t) for a generic
input signalu and initial conditionse,, especially since we are not making any specific assumptiarthe

functional form of (17a). However, by inspection of the efipras, we can at least write symbolically

z(t) = du (:1}0, t)a (18)
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for t € [to,to + T}), Which asserts that the state function depends, for a giweuatifunctionu(t), on the
initial conditions and time through the operatpy, (-, -) of (4).

2) Equation (17c) are the adjoint equations in the co-statesith final conditions given by (17d). Here again,
it is not possible in general to solve this final value problenclosed form in terms of the co-states, but by

inspection of the equations and considering (2), we carevayimbolically

)‘(t) = ew,u(y*(t)a t)a (19)

i.e. the co-state function depends, for given inpgt) and stater(t) functions, on the goal output function
and time through a co-state flow functiéq ,(-,-) : R! x R>o — R™.
3) Finally, (17e) are the transversality conditions, whietm be solved in terms of the control function. Similarly

to the previous cases, by inspection of the equation we cée symbolically

u(t) = Q/’w,k (U* (t)v t) ) (20)

i.e. the control function depends, for given statg) and co-state\(¢) functions, on the goal input function
and time through some operatgt, x(-,-) : R™ x R>o — R™.
Inserting now (18) and (19) into (20), we can write the optimentrol functionu(t) which solves problem (17e)

as
u(t) = x(zo, y*(t), w* (), 1), (21)

wherex(-,-,-,-) : R* x Rl x R™ x Rsy — R™ is an unknown non-linear time dependent operator. This show
that, given a reduced model and optimization cost, the @gdtaontrol is a sole function of the initial conditions,

of the goal output and goal control functions, and of time.

B. Systems with Symmetries: the Case of Flight Mechanics

The expression given in (21) for the minimizing optimal aohtvhich solves problem (1) can be detailed further
for systems possessing symmetries. Specifically, in thigepave analyze the case where modédl represents a
flying vehicle (see for example [13] for a treatment in theteahof Lie group theory).

First, consider an inertial frame of reference denoted byoattiNEast-Down (NED) triad of unit vectoi§ =
(e1,e2,e3), and a body-attached local frame of reference denoted bipé af unit vectors3 = (by, bo, b3) with
origin at the center of gravity of the vehicle. In the followgi the notatior{-)** denotes the components of a vector
or tensor in theA triad.

Consider the following form of the vehicle equations of mati(1b):

m(0F + WP x vF) = mg e + 85, (v°(7), WP (7), u(r), (7)), (22a)
TB6P + WP x (JBwB) = mE, (v8(r),wB (), u(r), m(r)), (22b)
7€ = ale)vb, (22c)

é=L'(e)wb, (22d)
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wherev? = (u,v,w)T andw?® = (p,q,r)T are the body-attached components of the linear and angelacity

vectors, respectivelyy being the mass and the inertia dyadic. The inertial components of the positi@ctor

are notedr?, ande = (v,0,¢)’ are the Euler angles in the 3-2-1 sequence. The vehicledsdtis described in
terms of the direction cosine matrix(e), parameterized in terms of the Euler angles, &fd) is the matrix which
relates the body components of the angular velocity to tine tiates of the Euler angles.

The body-attached components of the aerodynamic/praguisicess,.., and momentsn,.,, appearing on the
right hand side of (22a,22b) depend on the body-attacheganents of the linear and angular velocity vectors,
on the control inputa: and on a number of physical parametarsThe dependence on these quantities is through
a retarded timer, 0 < 7 < ¢, which accounts for the memory effects of aerodynamic meeg This is typically
approximated with a Taylor expansion arrested at the fidgowhich has the effect of turning the delay differential
equations (22) into ordinary differential equations.

It is readily verified [14] that (22) is unaffected by trartas in thee;-e; plane and by rotations aboet.
Strictly speaking, translations alorg imply a change of air properties, and hence of the parameateathough
this change is slow and can be neglected for small changetitoida. Hence, the dynamics of the vehicle are
invariant with respect to translations and to rotationsuatibe local vertical.

This means that, given an input signaland given initial conditions on the linear and angular viies, roll

and pitch angles

VB (ty) = v5, (23a)
WB(to) = wb, (23b)
o(to) = o, (23c)
0(to) = bo, (23d)

the system will generate the same respon$ét), w?(t), ¢(t), 0(t), andv(t) — +bo, r2(t) — r5, irmespectivelyof

the initial conditions on heading and position

¥(to) = o, (24a)
rB(to) =78, (24b)

i.e. for anysy andrg. In other wordsp?(t), wB(t), ¢(t), O(t), ¥(t) — 1o, »B(t) — r5 are invariant quantities,
while ¥ (t) andr5(t) (or r¢(t)) are not.
Therefore, we partition the state vecterinto invariant and non-invariant states,

T)T

T = (mCIFa TNT (25)

)

where the invariant states asig = (vBT,wBT,H, #)T and the non-invariant ones asigy; = (w,rBT)T. Clearly,
the optimal control function of (21) can only depend on thiéiahvalues of the invariant states, while it can not
depend on the initial values of the non-invariant ones, lier invariance properties of the underlying mechanical

systemM to be preserved.
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A similar argument applies to the goal outpytswhich appear in (21). Suppose for example to define the system
outputs agy = (V,v,V,,p,q,Q, el rBT)T, whereV = ||v|| is the vehicle speed/, is the climb speed, anf is
the turn rate. Suppose now to specify a goal functidit). This means that one is trying to track both invariant
quantities U*(t), v*(t), V(t), p*(t), ¢*(t), Q*(t), 0*(t), ¢*(t)) and non-invariant ones) (t), »*5(t)). However,
given the invariance of the system with respect to trarmtatiof the origin and rotations about the vertical, it is
clear that the optimal control which solves (1) can not depemthe non-invariant goal quantities (t) andr*5(t),
but only on their invariant counterparts (t) — 1o andr*3(t) — rF. Therefore, here again we partition the output

vectory into invariant and non-invariant outputs, i.e.

y=(yl yn))" (26)

In conclusion, the minimizing optimal control functicm(t) which solves problem (1) when moddH is a

vehicle, can be written as

u(t) = Xs (mlovy; (t)v y?\/l(t) - leoau*(t)v t)v (27)

form asserst that, given a reduced model and optimizatisty e optimal control is a sole function of the initial
conditions of the invariant states, of the goal invariantpots, of the goal non-invariant outputs shifted in the

origin, of the goal controls and of time.

C. Parametric Approximation of the Optimal Control Solutio

The functional form of the optimal control given in (21) (&%) for flight mechanics problems) can be used for
developing approximations to problem (1). However, in tpiitsof the approach described in the introduction, we
do not approximate (21) directly, but we first transform iira reference-augmented form.

To this end, consider a reference (known) control actQu(t),t € [to,to + Tp], @as computed by using some
suitable available controller (for example, an LQR conémlas in the present work). If we assume that the reference

control function depends, for a given state functioft), on the goal outputs, goal controls and time, i.e.

Urer(t) = Co (y* (1), u* (1), 1), (28)

using (18) to eliminate the dependencexft), we find

Upet () = (:130, y* (1), u” (¢), t) , (29)

wherev(-, oo ) : R" x R x R™ x R>o — R™, which shows that the reference control depends at the most o
the same quantities as the optimal control (21). Hencegu&8), it is always possible to write the optimal control
u(t) of (21) as

() = et () + v (@0, y" (1), u’ (1), 1). (30)

The termv (-, -,-,-) : R x R x R™ x R — R™ represents theontrol function defect.e. that unknown function

which, augmenting the reference solution, promotes it éogblution of the optimal control problem (1).
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Clearly, v is unknown in general, or otherwise we would know the sotutid the optimal control problem in

closed form. However, it is possible to construct an appnaxion of it in terms of a parametric functiar),:

v(wo, Y (t), u*(¢), t) =, (:BO, Y (t), u*(¢), t,pc) + &g, (31)

wherep. € RP- are free control parameters to be identified on-line in otd@ninimize the functional reconstruction

parameterized unknown control function as

u(t) = Urer(t) + Up (cco, y* (1), u*(¢), t,pc). (32)

D. On-line Identification of the Control Parameters

Notice that in the infinite dimensional optimization prafl€l), the unknowns are represented by the stadte,
co-stateA(t) and controlu(t) functions, which must be computed so as to satisfy (17) amtéeninimize the
cost J. However, once the control function is put into the refeeeacgmented form (30) and the parametric
approximation (31) is introduced, the resulting contrdd2)( cease to be independent variables, and become
themselves functions of other quantities, and in particafathe states (through the reference control) and of the
free control parameters. Considering this fact and imgpsimce again the stationarity of the augmented cost (16)

with respect to all free variables, one obtains a new set opleal ordinary differential equations, which write in

this case
F(@, 2, u,pn) =0, tE€lto,to+ Ty, (339)
iL‘(to) = Xy, (33b)
d(fZx
— (J;"; ) + (fotulofu) " A+ yLLy+ulli ,La=0, teto,to+T,, (33c)
A(to+T,) =0, (33d)
t0+Tp
/t v (Lu+ Fo,A)dt=0. (33e)

Equations (33) can be used for the on-line identificationhaf tnknown parametegs., through the following

iterative process:

1) State predictionintegrate the current estimate of the reduced model eanga({B3a) forward in time over the
prediction window starting at the actual initial conditi(88b). The initial value problem is solved under the
action of the control inputs based on the augmented contraitfon (32) evaluated in correspondence of the
latest available estimate of the control parameters

2) Co-state predictionUsing the augmented control function and the states cosdpat the previous step,

integrate the adjoint equations (33c) backward in timetisgufrom the final conditions (33d).
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3) Control parameter updatel'he states and co-states computed at the two previoussatgly by construction

all equations of the governing boundary value problem (88%ept for the transversality condition
Jp. =0, (34)

i.e. (33e). Once this remaining condition is satisfied byusknowns, the parameterized control becomes
optimal, since the state and co-state equations and thedaopgonditions are already satisfied. In order to
seek the eventual enforcement of the transversality dondithe current estimate of the control parameters

is corrected using the steepest descent rule:

De = Pe — Ne J p,s (35)

wheren,. > 0 is the step length. Based on this new estimate, the conttiolneis updated using (32). Clearly,
notice that by using (35), the control parameters are matddidy as long as (34) is not satisfied.

4) Plant steering Feed the computed controls to the plant, steering it on thelaw [to, to + T5)-

5) Model parameter updateEvery N steps,N > 1, update the model parameter estimate using the procedure
of Section III.

6) Update initial time as, = ¢y + T, update initial conditions, and repeat from 1.

For regulation problems, the procedure above is based oasmption that the time (i.e. the number of steps
and hence of steepest descent corrections (35)) requiredder to correctly identify the control parameters
which satisfy the transversality condition (34), is smalhgpared with the characteristic to-be-controlled timdesca
of the plant. In such a case in fact, the control becomes @pt{all governing equations (33) are satisfied) well
before the system has been regulated. A similar reasoniplieafo tracking problems as well. We have observed
that this condition is easily verified in practise, and thenification time of the optimal control is typically quite

small, as shown in the results section below.

E. Neural-Network Based Implementation

In this work, the parametric approximation of the contraidtion defect is based on a single-hidden-layer neural
network.

To simplify the training of the control network, we reduce ihput space in two ways. First, we drop the
dependence of the parametric function on the time historthefgoal quantities, by simply retaining their initial

value at timetg:

vUp (wo, y*(t),u"(t),t, pc) ~ Uy (:BO, y*(to), u* (to), t, pc) ) (36)

Notice that, even in the presence of the above approximati@neffect of time varying goal outputs is still felt
by the controller during the co-state prediction phase géqos (33c,33d)), while time varying goal inputs are felt
during the solution of (33c).

Second, the dependence of the control defect on time is reddsing shape functions which interpolate temporal

nodal values. This can be done in several different way$ignwork we have found useful to partition the prediction
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time window as

to<ti <...<ty_1=to +Tp, (37)

wherety, k = (0, M — 1), are the temporal nodes; uniform of non-uniform distribng of the nodes can be used,
depending on the application. The control function defscthien interpolated using, for example, linear shape
functions between each couple of consecutive nodes; atitlka ime r within the prediction window, the control

defect is interpolated as

Up (.’1}0, y*(to)v 'U,*(to), T, pc) ~ (1 - 6) Upy, (.’1}0, y*(to)a u*(to)vpC) + §UPk+1 (CE(), y* (to), 'U,*(to), pC)7 (38)

wherewy, (+,-,-,-) : R® x Rl x R™ x RP< — R™ is the control defect nodal value function at timg the node
index k is such that, < 7 <tg41, and& = (7 — tg)/(tk+1 — tx), 0 < & < 1. Clearly, shape functions other than
linear can be used to interpolate the nodal values.

Finally, each nodal value of the time-discrete parametoictiol function defect is associated with one of the

outputs of a multi-output neural network, whose form can biten

o.=Wre(V5%i.+a.)+b., (39)

«T

T
Po’ Up1? ) YpM—1 (to)) € R?"+™ are

the network inputs, whil@¥V, € R»xmM 'V, ¢ R@ntm)xnn g R andb, € R™M are the network weights

whereo. = (v? vl ..., vl )T € R™M are the network outputs, = (z,z* (to),u

and biases which represent the free control parameters, i.e
Pe= (. Weysooo, Voo s ey ooy by )T (40)

with p. € RP<, p. :nh(2n+m(M+1)+1) 4+ mM.

V. RESULTS ANDAPPLICATIONS
A. Double Inverted-Pendulum Model Problem

We consider the classical problem of the stabilization obalde inverted-pendulum on a cart, as shown in Fig. 2.
The system has three degrees of freedom, the horizontaigrosif the cartdy and the angle®; and . of the
two bars with respect to the vertical direction, so that (97,97)7, 9 = (9y, 91,02)7, n = 6. The system has
one single controli = 1) represented by the horizontal foraeapplied to the cart, and the outputs coincide with
the states] = n, y = . The two uniform bars have length; = 0.5m and L, = 0.75m and massV; = 0.5kg
and M- = 0.75 kg, while the cart has mas¥/, = 1.5kg. The bars are initially aligned and both form an angle of
25 deg with the vertical. The problem is to regulate the sysie the origin (the vertical unstable equilibrium) by
minimizing the cost (2), wherg* = (0,0,0,0,0,0)%, u* = 0, Q = diag(20, 700, 700, 5,50, 50) and R = 1.

1) Choice of the Prediction Window and Identification of GohParameters: In the first set of tests, we do
not perform any model adaptivity, and we identify on-line thole control parameters. The reference controller
is of the LQR type, obtained by linearization of the equagi@f motion about the vertical position. The steering

window is set toT, = 0.02 sec; the state and co-state predictions are performed byetlisng (33a) and (33c)
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U5

Fig. 2. Double inverted-pendulum on a cart

with the forward Euler scheme, with a time sté&g = 0.02 sec. The control network has, = 3 neurons and
M =5 outputs (temporal nodes of the control function defect)farmly distributed on the prediction window.

In order to select the length of the prediction wind@y; we define the total regulation error as

T
E:/‘Lw, (41)
0

whereT is the time necessary in order to regulate the system/aisdgiven in (2). Figure 3 shows the normalized
total regulation erroZ/ E gr Vvs. the length of the prediction windo®,, where E\ or is the error obtained with
the sole LQR reference controller. The figure shows that RA&©vers the regulation error of the LQR controller
if the prediction window is slightly longer than 4.0 sec,eaftvhich further improvements in the regulation error
are only marginal. Based on these results, in the followixanles we always used a valiig = 3.5 sec, which

is a good compromise between computational efficiency anfipeance.

Next, we assess the ability of the proposed procedure toupedptimal controls which solve problem (1).
Figure 4 shows with a solid line the time history of the 2-narfithe violation of the transversality condition (34).
Recall that the satisfaction of the transversality coonditimplies that the solution is optimal, in the sense that it
satisfies all coupled governing differential equations) @32ginating from (1). The same plot reports also the time

history of the anglej, of the second bar using a dashed line. The plot shows thatathigodler quickly achieves
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Fig. 3. Double inverted-pendulum on a cart. Total normaliregulation errorZ/ E| or Vvs. length of the prediction window,
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optimality, well before the system is regulated, as it appedearly by comparing the characteristic times of the

two curves.
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2) Effect of Model Adaptionin order to demonstrate the effects of model adaption, is $leicond set of tests

we introduce a mismatch between plant and reduced modele Mracisely, the plant now includes two springs

5
Time [sec]

-10

9, [deg]
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which apply destabilizing torques to the two bars; thesgues are not present in the reduced model. The first
torque@, = K (/2 — ¢;) is applied between the first bar and the cart, wiile = K (7 + ¢, — ¢J2) is applied
between the second and the first bars. Goal of the exampleskaw whether this mismatch between plant and
reduced model can be compensated by the proposed modéfigdgion procedure.

The numerical experiments were conducted as follows. Tiffieess K of the springs was progressively increased
starting from0 up to K,.x = 0.05 Nm/rad, thus producing increasing errors between reduced modkepkant;
notice that these errors affect both the equilibrium caoditind the dynamic behavior of the system. For each value
of K, the new plant equilibriunx, was numerically evaluated by solving the system of equatf(r}':, x,u) =0,
settingz = 0 and@ = 0.

At first, we computed the optimal gains of a LQR controllerdzhsn the linearization of the plant about the new
equilibrium point, including the effects of the springs.igfirst LQR controller, labelled LQR,in the following,
was used for providing a benchmark result in the absence dfetimy errors.

Next, the optimal gains of a second LQR controller were camguinearizing the reduced model, which is
completely unaware of the presence of the springs, aboutdtial positionz = 0. This second LQR was used
as the reference control element of RAPC with reduced madigbtgon, usingz;, = 3 neurons for the model defect
network. For each experiment at every given value of thengpstiffness, we initialized the model and control
parameters to small random values. All the experiments wertormed with the same parameters as in the first
set of tests, except for the goal output which in this cas@astitue equilibrium point of the planf* = x,, which
differs from the vertical because of the presence of thengpri

The results are summarized in Fig. 5, which shows the totalla¢ion error as a function of the stiffness of
the two springs. The solid line represents the regulatioor &f RAPC, while the dashed line reports the regulation
error of LQR,,.c: Apparently, the proposed controller is not only able to pensate the model mismatch generated
by the springs, but it also achieves a significant perforraamprovement with respect to the benchmark provided
by the exact LQR implementation.

For the caseK = K..x, Fig. 6 shows the improved prediction capabilities achiewdth reduced model
identification. The top part of the figure reports theangular velocity, while the bottom part shows theangular
rate. The solid lines show the time histories obtained bggrdting the plant equations on each steering window
under the effects of the LQR, control action. The dashed lines show the results obtaiyethé integration on
each steering window of the sole reference model, again thi¢thsame control input signal and starting from the
same initial conditions. Finally, the dash-dotted linegegihe results obtained by integration of the reduced model
(reference plus neural defect correction), again from #reesinitial conditions and with the same control inputs. It
appears that there is an excellent correspondence betie@rapd augmented model shortly after a fast transient.
The improvement with respect to the use of the sole referemael is clearly apparent, showing the effect of the
model augmentation to improve the prediction performance.

Figure 7 shows the adaption process through yet anothet pbiriew, reporting with a solid line the norm of

the model reconstruction errde,, || of (10) as a function of time. The same figure also plots witraahed line
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Fig. 5. Double inverted-pendulum on a cart. Total regufaoror E' vs. spring stiffnesg<. RAPC: solid line; LQR,.¢ dashed line

the time history of the angular raié, for the second bar. By examining the figure, one can appeetiatt the

neural element is able to identify the defect quickly (im.a time which is small when compared to the plant
response time scale), in turn improving the prediction figelf the reduced model. The rapidity of the adaption is
certainly also due to the reasonably good performance ofdfezence model, which makes the defect a relatively

small quantity; this makes the adaption a faster and eaessér t

B. Reflexive Control of an Unmanned Rotorcraft

In this section we consider the application of RAPC to thees@fle control of an autonomous rotorcraft vehicle.
The numerical experiments are conducted in a high fidelittual environment, which allows to more precisely
quantify the performance of the controller. Applicationfiight to a small size rotorcraft UAV is underway, and
the results will be discussed in a forthcoming paper.

The plant is a vehicle model which represents a medium-siziéi-engine four-bladed articulated-rotor utility
helicopter, validated with respect to flight data in a pregioesearch effort. The mathematical model of the helicopte
is as given in§IV-B. The helicopter controls are defined as= (A1, B1, 0o,g, for) s m = 4, where A;, B; are
the lateral and longitudinal cyclics, respectively, whilg,. is the main rotor collective ané,,, is the collective
of the tail rotor. The main and tail rotor forces and momemé&s @mputed by combining actuator disk and blade
element theory, considering a uniform inflow [8]. The rottiitade is evaluated by means of quasi-steady flapping
dynamics with a linear aerodynamic damping correction.K-op tables are used for the quasi-steady aerodynamic
coefficients of the vehicle lifting surfaces (horizontabarertical tails), and the model considers simple correstio
to account for compressibility effects and for the downwaslgle at the tail due to the main rotor. The model

includes process and measurement noise models and datayheavehicle states are reconstructed on-line using



IEEE TRANSACTIONS ON AUTOMATIC CONTROL 19

150
100 | .
i
|
soft |
|
|
B |
o o
o
@ |
2 |
. o
3 |
o
f
-100 H{ i
-150 H =
-200 I L L L L L L L L
1 2 3 4 5 6 7 8 9 10
Time [sec]
10
0
~10 4
— 20 4
(53
[
£
big
o, 30 a
k)
~
D
T -40 |
-50 .
—60 4
-70 I L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10
Time [sec]

Fig. 6. Double inverted-pendulum on a cart. Time history haf angular rates); (top) andds (bottom), for K = 0.05. Plant: solid line;

reference model: dashed line; augmented model: dashddiatie

an extended Kalman filter.

The vehicle is piloted along an aggressive flight routinegsghthe vehicle starts in straight and leveled flight at
30 m/s, decelerates to 20 m/s, and then performs a 30 m clird®,deg right turn, a 30 m descent, and finally an
acceleration to 30 m/s; the flight sequence is represent&ing.

The goal outputs and goal controls of the flight routine anmmoted using the planning procedures of Bottasso
et al. [14]; using this approach, the vehicle is either inim r in a maneuver condition, the latter being defined as
a finite-time transition between two trims [13]. The timetbiy of the vehicle states and associated control inputs

along each maneuver are computed by solving maneuver datonttol problems for the non-linear reduced model
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Fig. 8. Flight routine for the autonomous helicopter prable

of the vehicle, using a direct transcription approach, &fil trim conditions vehicle states and control inputs are
computed solving non-linear trim problems (cfr. [14] fortaiés).

The reference control element is based on an output-fekdt@R, using only invariant outputs (equation (26)).
At all trim conditions of the flight routine, the optimal LQRostrol gains are pre-computed off-line using the

procedure of [3], based on a linearization of the vehicleatigns of motion at that trim condition. The output-
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feedback LQR reference control law is computed at 50 Hz as
Uyref = u* — K(yl - y;)a (42)

where the goal quantities are obtained by first finding theedb point on the to-be-tracked trajectory, and then
interpolating outputs and controls as computed by the ptgnprocedures at that point. When the goal point is
along a maneuver, the optimal output-feedback gain mdifixs computed using the linearized vehicle model in

the arrival trim.
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Fig. 9. Autonomous helicopter problem. Normalized tragkérror £/ E| gr,o=0 VS. length of the prediction windo;,

1) Tuning of the Controller:Several simulations were conducted in order to optimizectimce of the various
algorithmic parameters. Detailed results are not repdnez@ for the sake of brevity, but for the model adaption
process the experiments lead to the choicepf= 3 neurons for the model network and an activation frequency
of model adaptionV = 10 Hz (step 5 in the iterative process §fv-D). For the control process, the choice fell
on four single-output control networks (one for each cdhtwith n; = 3 neurons each, a steering window of
0.02 sec and a time step for the integration of the state arslate equationd&t = 0.02 sec.

The choice of the prediction window siZg, was based on the tracking cost, which is defined as

T
E = Ldt, (43)
To

whereT is the total duration of the flight routine, ari¢) = 2 sec is used to exclude the initial transient. Figure 9
reports the tracking error as a function of the length of thedjztion windowZ},. The tracking error for RAPC is
normalized with respect to the tracking error obtained \lih sole use of the reference LQR controller. The figure

shows that with a prediction window of 2 sec, RAPC alreadyrimeps the performance of the reference controller,
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reaching a minimum arounfl, ~ 5 + 6 sec. The best performance corresponds to an improvememe itretcking
cost of more tharv0% with respect to the output-feedback LQR. Based on thesdtsese prediction window
was selected &%, = 3 sec for the following examples.

2) Performance Assessment in the Presence of Modeling E£rigext, we verify here again in the context of
this more complex example the ability of the proposed prapesito improve the reference control in the presence
of modeling errors. To this end, we consider the complex flighutine tracking problem introduced above. The
problem is now parameterized by using a factorFor each value ofy, the reduced model as well as the goal
outputs and goal controls remain the same, whereas the iplaffected by errors parameterizeddnfor the air
density and the vehicle mass. More precisely, if the redumedel uses an air densipy the plant uses a density
p(1 —«), and if the reduced model has a total vehicle ma&sthe plant uses a masd (1 + «). Hence, the factor

« measures the mismatch between reduced model and plant.
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Fig. 10. Autonomous helicopter problem. Normalized tragkerror E/ E| gr vs. model mismatch parameter RAPC with model adaption:
solid line; RAPC without model adaption: dashed line

Similarly to the case of the double-inverted pendulum, theukations were conducted as follows. The mismatch
factor o was progressively increased starting fream= 0. At each value ofx, the optimal gains of the output-
feedback LQR were computed based on linearizations of thecesl model, in correspondence of the current value
of « and hence affected by modeling errors. This controller was tised alone and then as the reference control
element of RAPC.

The results of these simulations are reported in Fig. 10¢ckvigives the normalized tracking errét/ E\ gr as
a function of the model mismatch parameterThe solution obtained by RAPC without model adaption isngho

using a dashed line, while the results for RAPC with modebéida are plotted using a solid line.
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This figure indicates several interesting facts. First gfinlthe absence of modeling errors & 0), the use of
non-linear model predictive control allows for a reductafrthe tracking error in excess of 70% with respect to the
LQR case. Although this remarkable improvement decrea#bsincreasing values af, it remains substantial for
an ample margin of the model mismatch parameter. Furthernegen without model adaption, RAPC with the sole
on-line identification of the control parameters is able tigperform the LQR controller up ta = 0.15. Therefore,
the control-adaptive features of RAPC seem to allow for diglamitigation of modeling errors, in the sense that
the controller seems to be able to cope with the limitatiohgsoreduced model by correspondingly adapting the
control law. Finally, the introduction of model adaptiorstebeneficial effects, as expected, and results in a further

reduction of the tracking error with respect to the LQR case.
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Fig. 11. Autonomous helicopter problem. Time history of ihear body-frame velocity componeat, for o = 0.2. Plant: solid line; reference

model: dashed line; augmented model: dash-dotted line

In analogy with what done for the pendulum problem, in Fig.wle report the improved prediction capabilities
of the augmented adaptive model. In particular the figurenshthe linear body frame velocity componemnt
obtained in the case = 0.2 when different models are integrated in time with the sani#alrcondition and the
same control inputs. The difference between the augmenteikihidash-dotted line) and the reference model alone
(dashed line) is significant, the former capturing well th@np dynamics soon after a very short transient. Similar
results are obtained for the other vehicle states, but areeported here for the sake of brevity.

To show the local behavior of the controllers, for the case 0.1, Fig. 12 reports the time history of the goal
turn rate and the corresponding quantity obtained by thekiimg helicopter; the LQR case is shown with a dashed
line, while the RAPC case with model adaption is plotted vétdash-dotted line. These results show here again

the improved tracking capabilities of RAPC as compared ®LlQR.
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Fig. 12. Autonomous helicopter problem. Time history of Igmen rate and corresponding quantity for the tracking duglter, for a model
mismatch parametex = 0.1. Goal: solid line; LQR: dashed line; RAPC with model adaptidash-dotted line

3) Trajectory Tracking Performance Assessmeéltie LQR controller based on (42) is subject to drift and hegdi
errors, since it only tracks invariant quantities. To cotréhis behavior, we use a slower outer loop operating at
5 Hz, based on a simple proportional-integral (Pl) congolvhich reacts to positions errors (i.e. distance between
current and projected positions along the goal trajectang) heading errors [14]. The gains of the compensator are
computed off-line using an optimization technique. Speaily, the tracking error of the non-invariant quantities
is considered to be a sole function of the control gains ofabmpensator. This error is minimized by using a
gradient-based optimization technique coupled with aarse surface.

Notice that the RAPC controller does not need a drift and imgadompensator, since it can track both invariant
and non-invariant outputs. Position and heading traclgrgimply achieved by turning on the tracking cost function
weights of (2) acting on the corresponding outputs.

In this section we compare the trajectory tracking perforagaof RAPC and of the compensator-enhanced LQR
controller. Figure 13 reports the tracking performancenim ¢tase of model error with = 0.15, showing the goal,
LQR and RAPC trajectories. Furthermore, Fig. 14 gives a nguantitative view, by plotting the norm of the
distanced from the goal trajectoryd = » — r*. From the figures it appears that, since the model mismattshoac
mass and density, its effect is predominantly manifest enaltitude tracking. The figures also show that the LQR
controller, although augmented with a drift and heading pensator whose gains were very carefully optimized
as explained above, has a hard time to correct for the modai; em the other hand, RAPC improves the LQR

tracking performance in excess 8%.
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VI. CONCLUSIONS

We have described a novel adaptive non-linear model pireelicontrol approach, based on the idea of augmenting
reference elements with parametric functions both at thel lef the reduced model and at the level of the control

action.
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The reduced model identification takes a reference reducetbhand approximates its defect, i.e. it reconstructs
that unknown function which, when put on the right hand sitithe reference model, is satisfied by the measured
plant states. This approach amounts to a black-box ideatiific of the physics which are not captured or not
well resolved by the reference model. An alternative buteehat related approach would be to insert black-box
approximators in specific parts of the reference model, e/ttee true physics are known not to be well represented.
Both approaches can be seen as ways to boost the accuracigtofgelegacy analytical models, so as to improve
the predictive fidelity of the reduced model to the plant.

The control function identification takes a reference amlrdction and promotes it to the solution of the underlying
optimal control problem. Key to this approach is an analgéthe governing equations which indicates the functional
dependence of the unknown control function on the curredtdsired states. Once the dependence of the unknown
control function has been identified, it is possible to cangtan approximation of it using a parametric function.
Here again, this approach can be seen as a way to boost g@xstirtrol solutions.

The numerical experiments demonstrated the basic feabfithe proposed procedures, both for a classical model
problem and for the control of an autonomous high performantorcraft. The tests, although limited for now to
the sole virtual environment, show a very pronounced imgnoent of the reference solutions when modeling errors
are present. In all cases, the identification of the reducedetrand of the control parameters was fast compared to
the characteristic to-be-controlled time scales of thetplahich is crucial for the effectiveness of the procedures
We believe that much of the robustness and good performédmrateme have found is due to the very basic idea
of the proposed control framework, i.e. on the availabitfyreference elements. These in fact ensure reasonable
performance of the controller even during the initial tian before identification of the parameters has taken
place, easing and speeding up the identification proces$. it&e remark in fact that all problems studied here
were solved without any pre-training, a major hurdle in othéaptive network-based approaches.

The software is currently being ported on-board a small mutwus rotorcraft in the lab of the authors, which

will allow for further testing of the procedures in flight.
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